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1.1 


UNIT 21 Fourier series 


Study guide for Unit 21 


This unit is concerned with the technique of expressing a periodic function 
as a sum of terms, where each term is a constant, a sine function or a cosine 
function. There is a strong analogy with the technique, studied in Unit 12, 
of expressing a (non-periodic) function as a Taylor series, which is a sum of 
terms that are powers of the independent variable(s); in both cases, working 
with just the first few terms generally gives a useful approximation. 


The unit assumes the following background knowledge: 

e the definition of the period (Unit 7); 

e forced oscillations and resonance (Unit 17); 

e integration by parts (Unit 1). 

The methods of this unit will be required later in the course, particularly 
in Unit 22. 


The sections should be studied in their numerical order if possible. The first 
three sections should each occupy one study session, while Section 4 (which 
involves working with the computer) should need rather less. 


Unit 21 Fourier series 


Introduction 


In Unit 12 you saw that many functions can be approximated by a Taylor 
polynomial 


f(x) & f (xo) + (w — x0) f"(ao0) + §(@ — 20)? f" (xo) +--+ 
+4(¢- xo)” f™ (xo). 


n! 

It is often the case that a small number of terms gives a useful approximation, 
and it is tempting to ask whether the approximation may be made exact by 
taking an infinite number of terms — in other words, is it true that 

1 

f(e)=>0 “q(t — xo)" f (xo)? 

r=0 
In general, the answer is ‘no’, but for a wide class of functions the result is 
true. For example, with f = exp and 29 = 0, we have f(")(29) = e® = 1, so 


r=0 
for any real number 7. 


In this unit we are primarily concerned not with polynomial functions 
(which, if not constant, become numerically very large as x — +too), but 
with periodic functions, such as sinz and cosz. A great deal of beautiful 
mathematics has arisen from the analysis we shall describe, but there are 
also important practical benefits. 


One example arises directly from Unit 17, where you studied differential 
equations modelling forced and damped oscillations. You saw how they 
could be used to predict the response of various mechanical and electrical 
systems. In particular, you saw how these responded to a sinusoidal forcing 
term like cost, with graph as in Figure 0.1. 


1 cost 


Figure 0.1 


Such forcing terms occur frequently in applications; for instance, they model 
the force acting on the suspension of cars travelling on bumpy roads and the 
effect of radio signals acting on electrical circuits. Such a model leads to a 
differential equation of the form 

mé+ré+ kx = Pcos(Nt), 
with steady-state solution 

x(t) = Pcos(Qt + ¢)/k*. 


The factor k* and the phase angle ¢ are rather complicated functions of the 
forcing frequency 2, which we need not consider here. 


However, a forcing term, though periodic, may be more complicated than a 
purely sinusoidal function. Figures 0.2, 0.3 and 0.4 depict periodic functions 
c(t), g(t) and h(t) that are reasonably easy to visualize and describe. 


6 


For dimensional consistency, 
k* and k have the same 
dimensions and both are 
measured in newtons per 
metre. 


i 
T T T T T T 7 
—3r —2n -—7 0 | T 27 37 
Figure 0.2 
1 
git) 
T T % 
—3a —2n —7 0 | T 27 3a 
Figure 0.3 


Figure 0.4 


The graph in Figure 0.2 is similar to that of cost, except that all the values 
are positive. The function c(t) is described by 


c(t) = |cost|. 


This graph differs from that of the cosine function, which turns smoothly. 
Here the direction changes abruptly every time the graph reaches the 
t-axis. However, c(t) is still continuous in that there are no sudden jumps in 
the function value as t increases smoothly; it is possible to draw the graph 
without taking the pen off the paper. 


The graph of g(t) in Figure 0.3 is also continuous, but with abrupt changes 
of direction at both the highest and lowest values. Between the points where 
the direction changes, the graph is a straight line. The whole graph looks 
rather like the blade of a saw, so g(t) is known as a saw-tooth function. 
You will study this function quite intensively in Unit 22, and in the next unit 
you will meet a saw-tooth function as a model of the initial displacement of 
a plucked violin string. 


The graph in Figure 0.4 shows a function that takes the value 1 whenever t 
lies in the interval [(2k — 4), (2k + 4)m] for some integer k and the value 0 
otherwise, i.e. 


h(t) = 1 if (Qk—4g)n<t<(2k+5)m (kEZ), 
~ ) 0 otherwise. 


This graph differs quite radically from those of cos t, c(t) and g(t). Here there 
are abrupt jumps in the function value itself (rather than merely abrupt 
changes of direction) at the points t = (k +45). The function A(t) is dis- 
continuous, while cost, c(t) and g(t) are continuous. The function h(t) is 
known as a square-wave function. 


At present we have no way of predicting the response of a mechanical or 
electrical system to a forcing function like c(t), g(t) or h(t) (although such 
systems are extremely common). Fourier series provide the answer. 
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The differential equation 
mz + ré+ ke = Pcos(Mt) 
is linear. Therefore the superposition principle tells us that if 
x = Pi cos(Qit + ¢))/k1 
is a solution of 
mé+ré+ ka = P,cos(Q,t), 
and 
x = Pycos(Qet + og) /ke 
is a solution of 
mk + raé+ ka = Py cos(Qot), 
then 
x = Pycos(Qyt + ¢1)/ki + Po cos(Qet + b5)/ke 
is a solution of 
mi + ré+ ka = P, cos(Qyt) + Po cos(Ogt). 
If we could express c(t) as a linear combination of cosine functions, then we 
would be able to apply this idea to find a solution of 
mz +rzé+ kz = c(t) 


(and similarly for g(t) and h(t)). This is precisely what we shall do in this 
unit, except that the linear combinations will involve an infinite number of 
terms. 


As you will see, the functions c(t), g(t) and h(t) introduced above corre- 
spond, respectively, to the infinite sums 


Ch) = 2 (1 + —~ cos 2t sos cos 4t + =2z cos 6t — cos 8t 


eet) (0.1) 
Git) = $+ 4cost + 44 cos3t + x45 cos St + qty cos7t+:--, (0.2) 
A(t) =4$+2cost— 2cos3t+ Acos5t— Acos7t+---. (0.3) 


We call infinite sums like these Fourier series. Successive terms in the 
sum are functions that belong to a family of sinusoidal functions whose 
frequencies are related. The sums are infinite in the sense that they do not 
stop after a finite number of terms, though, in practice, we take only as 
many terms as are needed to make the result as accurate as we require. 


Fourier series are not just of interest in the analysis and application of 
damped forced oscillations, but are widely applicable and are of fundamen- 
tal theoretical importance. Whenever a system exhibits variation at a range 
of frequencies, it is sensible to see if this variation can be explained by some 
combination of sinusoidal terms. 


In Unit 22 you will be looking at transverse vibrations of violin strings and 
at the conduction of heat along metal rods. These effects will be modelled 
by differential equations involving the partial derivatives that you met in 
Unit 12. In the case of the vibrating systems, there are sinusoidal solutions 
with a range of frequencies corresponding to the normal modes of Unit 18. 
These can be combined to find particular solutions. However, it is not so 
obvious that solutions to the heat-conduction problem can also be found as 
sums of sinusoidal terms. This was one of Fourier’s many great discoveries. 


See Unit 3. 


Fourier realized that by considering series of sinusoidal functions, he could 
approximate most periodic functions. It is these series that we introduce 
and explore in this unit. You have already studied the mathematics that 
you need. Here all we have to do is to draw it together to obtain powerful 
results. 


The traditional approach to Fourier series was fairly analytic. If, however, 
computers had been generally available, it would have been possible to ob- 
tain Fourier series numerically, without any of the analysis contained in this 
unit. This would have been a great loss to science. Though the mathe- 
matical approach is indirect, it reveals properties that would have otherwise 
remained concealed. In particular, the sizes of successive terms in Fourier 
series often fit into interesting algebraic patterns. Here we shall attempt to 
combine the numeric and the algebraic approaches. 


In Section 1 we introduce Fourier series. This first involves a discussion of 
families of periodic functions and their periods, frequencies and fundamental 
intervals, and of even and odd functions. In Section 2 we find general for- 
mulae for the Fourier series of both even and odd functions with any given 
period. In Section 3 we extend these formulae to deal with functions that 
are neither even nor odd. Finally, we apply the formulae to functions that 
are defined on only half the fundamental interval. This is the technique that 
will be of most use in the next unit. In Section 4 you will explore Fourier 
series on the computer. 


1 Finding Fourier series 


In this section we ask: ‘what functions can be expressed as Fourier series?’ 
You will see that a requirement is that the function is periodic. You will 
look at families of periodic functions (cosine functions), and at odd and even 
functions. For a periodic function, we discuss the period, angular frequency 
and fundamental interval. Also you will see how to obtain the Fourier series 
for the saw-tooth and square-wave functions. 


1.1 Families of cosine functions 


Suppose that we define the function G(t) by the following Fourier series (an 
infinite series of cosine terms): 


G(t) = $+ 4 cost + sy cos3t + 54, cos5t+ ztycos7t+---. (1.1) 


We now investigate some properties of G(t), without assuming any connec- 
tion with the saw-tooth function g(t). 


The individual cosine terms in the sum are periodic, so it is not surprising 
to find that the sum G(t) is also periodic. 
*Exercise 1.1 


Let G(t) be defined as in Equation (1.1). Find G(t + 27) and G(t+ 2nz), 
where n is any integer, in terms of G(t). 


You saw in Exercise 1.1 that the function G(t) defined by Equation (1.1) is 
periodic with period 27, just like the cosine function cost. But what of the 
individual terms in the sum? 
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Apart from the constant term, they are multiples of 


cost, cos3t, cos5t, cos7t, .... (1.2) 


*Exercise 1.2 


What are the angular frequencies and the periods of the functions in 
sequence (1.2)? 


Hence we have a family of cosine functions where all the angular frequencies 
are integer multiples of the smallest angular frequency 1, and whose periods 
are integer fractions of the fundamental period 27. We have seen that this is 
the period of the function G(t), since all the component functions will have 
repeated after this time — some having repeated several times. 


More generally (as you may recall from Unit 7), any function f(t) is said 
to be periodic if it repeats regularly, i.e. if there is some positive value 
such that, for all t, f(t + A) = f(t). In this case, it is also true that, for 
all t, f(t + 2A) = f(t +A) = f(t), so 2A could be taken as a period for f(t) 
instead of X and, in general, r\ could be taken as the period (where r is 
any positive integer). The fundamental period of such a function is the 
smallest possible (positive) value for the period. 


Example 1.1 


Let f(t) = cos4t + 3cos6t. What are the angular frequencies and corre- 
sponding periods of the component functions? What is the period of the 
function f(t)? 


Solution 


The angular frequencies of the component functions are 4 and 6. Their 
corresponding periods are 5 and 3, respectively. Hence the period of the 
combined function f(t) is T= 7 (as this is the shortest time that is a multiple 
of both 5 and 4). After this time, the first cosine term will have completed 


two cycles, while the other cosine term will have completed three. Mi 


Example 1.1 suggests that the period of a sum of sinusoidal terms is the least 
common multiple of the periods of the component functions. This period 
gives the first time after which all the component functions repeat. 


*Exercise 1.3 


Let f(t) = 2cos at + 3cos dgt —cos2rt. What are the angular frequencies 
of the component functions and the corresponding periods? What is the 
period of the function f(t)? 


A Fourier series is an infinite sum of sinusoidal terms, each of which is 
periodic, so, as has been exemplified above, a Fourier series is also periodic. 
Hence a sensible restriction on a function that is to be described by a Fourier 
series is that it should itself be periodic. However, as you have seen above, 
if you are interested in obtaining Fourier series for a function with period 1, 
then you must consider not only sinusoidal functions with period 7 in the 
infinite sum, but also sinusoidal functions with fractional periods 

TT -P - 

9? 37 Q? = ae) 
since functions with these periods also repeat after time T. 
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The phrase ‘fundamental 
period’ is usually shortened to 
‘period’. 


Throughout most of this unit, 
time is the independent 
variable of functions, and T is 
used to denote the period of a 
periodic function. 


In Section 3, which looks 
forward to Unit 22 and the 
analysis of plucked strings, 

it will be more natural to 
consider the period as a 
length, and there we shall use 
a period 2D, which is twice 
the length of the string. 


Section 1 Finding Fourier series 


eh 


Corresponding to the periods 7, 5,3, 7, 5,--- are the angular frequencies 


2r Ar 6n 8x 107 
tT) 7? 7? 7? oO 


yp tee 


So, for example, for a Fourier series of cosine functions, you must consider 
the family of functions 


2rrt 
C;,(t) = cos ( ) , where r is a positive integer. (1.3) 
- 


Since these functions repeat after a time 7, we do not need to draw their 
graphs for all values of t. We can restrict our attention to any interval of 
length 7. We shall choose the interval [-3, Z| as it has the correct length 
and is centred on the origin. In general, any interval whose length is the fun- 
damental period can be chosen as the fundamental interval for functions 


of that period. The graph of the function C;(t) is shown in Figure 1.1. Figure 1.1 


otV 


*Exercise 1.4 


Sketch the graphs of the functions C2(t), C3(t) and C4(t) on the fundamental 


interval [—, 5]. 


What happens if you try to define Co(t) using formula (1.3)? 


We have now obtained a family of cosine functions that repeat after a time 7, 
including the constant function Co(t) = 1. (Whatever period 7 is chosen, it 
is trivially true that a constant function repeats after that period.) You will 
see in Subsection 1.3 how this family can be used to obtain Fourier series. 
But first, in Subsection 1.2, we need to digress to discuss even and odd 
functions. 


1.2 Even and odd functions 


The previous subsection dealt solely with cosine functions, but sine func- 
tions are also periodic, so why have we not used them? In fact, there is a 
distinguishing feature that separates these two families of functions. 


Figure 1.2 shows the graphs of a cosine function and a sine function, namely 


Sie (=) , Heise (=) | 


They both have period 7 and hence the same fundamental interval. 


Cy (t) 17 Si{t) 


Nid 
oy 


Figure 1.2 


Both graphs exhibit symmetry. If you look at the graph of the cosine func- 
tion C;(t), then you will see that it takes the same values at corresponding 
points on either side of the vertical axis. We say that the function is even. 
By contrast, if you look at the graph of the sine function S(t), then you 
will see that the values at corresponding points on either side of the vertical 
axis have the same magnitude, but opposite signs. We say that the function 
is odd. 
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Unit 21 Fourier series 


Definitions 

The function f(t) is an even function if 
f(—t) = f(®) for all values of t; 

it is an odd function if 


f(—t) = —f(#) for all values of t. 


Example 1.2 

Suppose that the function f(t) is defined by f(t) = ¢?. Is this function even 
or odd? 

Solution 

Since f(—t) = (—t)? =?? = f(t) for all t, the function is even. I 


*Exercise 1.5 


Suppose that the function g(t) is defined by g(t) = t. Is this function even 
or odd? 


The graphs of the functions f(t) and g(t) defined in Example 1.2 and Exer- 
cise 1.5, and shown in Figure 1.3, should make the definitions clearer. 


i A) | 8) 


Figure 1.3 


For the even function f(t), the same values appear on either side of the 
vertical axis, so the graph appears to be reflected in this line. For the odd 
function g(t), the values on either side of the vertical axis have opposite 
signs, so the graph is rotated through 7 about the origin. 


Polynomial functions where all the powers are even are themselves even 
functions. Polynomial functions where all the powers are odd are themselves 
odd functions. A function need not be either even or odd, but you will see 
shortly that restricting attention to even and odd functions can reduce the 
computations needed to construct a Fourier series. 


*Exercise 1.6 — 
(a) Is the function Co(t), given by Co(t) = 1 for all t, either even or odd? 
(b) Is the function h(t), defined by h(t) = ¢? + t3, either even or odd? 
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A function need not be either 
even or odd, as you will see 
below. 


The way that even and odd functions combine is similar to the way that 
positive and negative numbers combine. That is: 

e the sum of two even functions (positive numbers) is even (positive); 

e the sum of two odd functions (negative numbers) is odd (negative); 

e the product of two even functions (positive numbers) is even (positive); 
e the product of two odd functions (negative numbers) is even (positive); 
e the product of an even function (positive number) and and an odd func- 

tion (negative number) is odd (negative). 


The exception to this analogy is the sum of an even function (positive num- 
ber) and an odd function (negative number), which is neither even nor odd 
(either positive, negative or zero). In the next example and exercise, we use 
the first two properties in this list to demonstrate the last two properties. 
Example 1.3 
If f(t) = t? + 2¢° and g(t) =t— t?, show that the function h(t) defined by 
h(t) = f(#)g(t) is an even function. 
Solution 
Calculating explicitly, 

(oS iio) =e 20 1G =F Se a= P= a ao. 
This is a polynomial where all the powers are even, therefore h(t) is an even 


function. 


Alternatively, since both f(t) and g(t) are odd functions, we know by defi- 
nition that 


f(-t)=—f@, 9(-t) = —g(f). 


Hence 


h(—t) = f(—t)g(-t) = (—f())(-9)) = FOg® = hd), 


so h(t) is an even function. 


*Exercise 1.7 


If f(t) = t8 + 2t° and g(t) = 3t? — t4, show that the function h(t) defined by 
h(t) = f(#)g(t) is an odd function. 


For much of this subsection we have been concerned with even and odd 


functions that are not periodic. If a function f(t) is periodic, of period 7, 
then an advantage of choosing a fundamental interval [-$ ; 5 centred on 
the origin is that we can tell whether f(t) is even, odd or neither by seeing 


whether it is even, odd or neither on [-3, Z|. 


Even and odd periodic functions 


Let f(t) be periodic of period 7. Then: 
f(t) is even provided that it is even when considered as defined 
only over [-5, 5]; 
f(t) is odd provided that it is odd when considered as defined 
only over [-3, Z|. 


Section 1 Finding Fourier series 
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An important fact about an odd periodic function is that its values must be 
zero both at the origin and at each end of the fundamental interval. You 
are asked to prove this in the next exercise. 

*Exercise 1.8 


Let f(t) be an odd periodic function of period 7 with a fundamental interval 
[-$, 5]. Show that 


f (—3) = (0) = f (3) =0. 


If you look back at Figures 0.3 and 0.4, you will see that the saw-tooth 
function and the square-wave function are both even functions. Looking 
back at Figure 1.2, you will see that the cosine function is even, but the sine 
function is odd. The suggestion is that, to approximate an even function as 
a sum of sinusoidal terms, we ought to ensure that the approximate function 
is even, and the only way to do this is to ensure that only cosine functions 
appear in the sum. This idea is developed in the next subsection. 


1.3 Finding Fourier series for even functions with 
period 27 


In Subsections 1.1 and 1.2 you saw that there are certain useful things that 
can be said about series (1.1), namely that it is periodic of period 27 and 
that it is an even function. But this does not tell us why this particular series 
corresponds to the saw-tooth function g(t) on page 7. In this subsection we 
find the Fourier series for the saw-tooth function g(t) by a mathematical 
argument. Then we ask you to do the same for the square-wave function. 


The graph of g(t) (see Figure 1.4) coincides with the line g(t) = +1 in the 
range —7 <t <0 and with the line g(t) = —+ +1 in the range 0 <t<7. 
The interval |—7, 7] is a fundamental interval for g(t), on which it is defined 


as 


t « 

++1 if -7r<t<0O, 
t)h= us aan 1.4 
tt) eo if0<t<r. oe 
*Exercise 1.9 


What are the period and angular frequency of the saw-tooth function g(t)? 


You saw at the end of Subsection 1.2 that to write g(t) as an infinite sum of 
sinusoidal terms, we need consider only cosine functions. You saw in Subsec- 
tion 1.1 that a suitable family of cosine functions is given by formula (1.3). 
From the solution to Exercise 1.9, the value of Tin this family needs to be 27. 
Hence a suitable family of sinusoidal functions for the saw-tooth function 
g(t) is {Co(t), Ci(t), Co(t),...} defined by 
GA =costt. (re =D, 1,2, 144). 
We now consider a series 


G(t) = ApCo(t) + AiCi(t) + A2Co(t) + AsCs(t) + --- 


= Ag+ )_ A, cosrt, (1.5) 


r=1 


14 


git) 


=i 


Figure 1.4 


and ask: ‘how can the coefficients A, be chosen so that, as we add suc- 
cessive terms of the series to obtain the approximations Go(t), Gi(t), Go(t), 
G3(t),..., the values approach g(t) for any chosen value of t?’ That is, how 
can A, be chosen so that G(t) = g(t) for all t? 


The argument that we are going to use is quite general, in that it works for 
any even function with fundamental interval |—7, a]. Thus, for the remain- 
der of this section, we shall use the symbol f(t) to refer to a general such 
function, and 


loc) 
Pi) = Ay + 5° Ar cos rt (1.6) 
f=] 
for the corresponding series whose coefficients Ag, A;, A2,... we are trying 


to find. We shall then apply the general argument to the saw-tooth function 
(in Examples 1.4—1.6), and ask you to apply it to other functions, including 
the square-wave function (in Exercises 1.11, 1.13 and 1.14). 


The easiest coefficient to find is Ap. The technique is based on the observa- 
tion that all the functions C;,(t), some of which are illustrated in Figure 1.1 
and the solution to Exercise 1.4, oscillate, and the positive contributions to 
the integral exactly cancel out the negative contributions. This means that 
if you integrate the cosine functions over the fundamental interval [—7, 7], 
then you obtain 0; that is, 


/ cosridi=0 (r= 1,2,3,.-.). (1.7) 


=I 


Exercise 1.10 


Verify that the integral in formula (1.7) is zero (for each r = 1,2,3,...). 


If we integrate both sides of Equation (1.6) term by term over the funda- 
mental interval [—7, 7], then we find that 


Fat= | [40+ Arcot dt 


6 —t r=1 
-| Aydt +> Ay f cos rt dt. 
kr r=1 —T 


Now all the terms involving integrals of cosine functions vanish, by formu- 
lae (1.7), leaving us with 
Fj dt = Agdt =2mApg (since Ap is a constant). 


—T —T 


Hence 
Tv 


As=a | F(t) dt. (1.8) 


—T 
The function f(t) is assumed to be even, so F'(t) is also even, and the integral 
between —7z and 0 is the same as the integral between 0 and 7. Hence 


Aged i, " F(t) dt. (1.9) 


We do not know the coefficients of F(t), but our aim is to ensure that 


F(t) = f(t). 


Section 1 Finding Fourier series 


In this course we assume the 


validity of term-by-term 


integration and differentiation 
of infinite series. The process 


is valid in all the practical 
cases that concern us. 


The computer deals with 
formulae (1.8) and (1.9) 
equally easily. In Section 4 
and the next unit, you will 
see examples of functions 
with simple formulae for 


positive values of t, for which 


formula (1.9) is preferable. 
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So to determine Ag, we replace F(t) by f(t) in formula (1.9) (or in (1.8)), 
to obtain 


Ay = [ pityat (iG) 
0 
You can think of Ag as the average value taken by the function f(t). 


Example 1.4 


Find the value of Ag when the general function f(t) is replaced by the saw- 
tooth function g(t). 


Solution 


Equation (1.10) becomes 


The function g(t) is given by Equation (1.4), so the above integral is 


Lf gyae=t f"(tsajae=t[-B +) =} 
0 0 0 


Thus, for the case of the saw-tooth function, ‘ 
A=1. / Gott) Pal 
ca : 2 : 

Figure 1.5 shows the graph of the original function g(t) and this first as 0 


approximation Go(t) = Ao = 5: You can see from the figure that Ag = 5 is 
the average value of the function g(t). Figure 1.5 


*Exercise 1.11 


(a) Suppose that the general function f(t) is now replaced by the square- 
wave function h(t) of the Introduction, which can be defined on the 
fundamental interval [—7, 7] by 


1. #2 eees 
h(t) _ 2 —2 
O otherwise. 
Find the value of the Fourier series coefficient Apo. 


(b) Now find the value of Ao for the square-wave function w(t) defined on 
the fundamental interval |—7, 7] by 


wi ff i=) he) 
—5 otherwise. 


So integration has enabled us to eliminate the coefficients A, (n > 0) and 
hence to find the coefficient Ag. To find the next coefficient, A,, we must 
somehow eliminate Ag and all the other coefficients. The technique is to 
multiply both sides of Equation (1.6) by the term cost to give 


co 
F(t) cost = Ag cost + )~ A, cosrt cos t. (1.11) 
r=1 
If we integrate both sides of Equation (1.11) term by term over the funda- 
mental interval [—7, 7], then we find that 


TT 


[PW costar = | Ap costat +> A, f cos rt cos t dt. (1.12) 


= = r=1 = 


Now we evaluate each of these integrals separately. 
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Exercise 1.12 
(a) Using the trigonometric identity 
cos rt cost = $ (cos(r + 1)t + cos(r — 1)t), 
show that 
/ cos 2t cost dt = 0. 
(b) More generally, use the identity given in part (a) to show that 
/ cosrt costdt =0 when r is an integer and r > 1. 


(c) Using the trigonometric identity 
cos’ t = 4(cos2t + 1), 


evaluate the integral 


Tv 
/ cos? t dt. 
—T 


Exercise 1.12 shows that most of the integrals on the right-hand side of 
Equation (1.12) evaluate to zero. The only remaining term involves the 
coefficient A;, and we are left with 


F(t)costdt = A, / cos’ tdt = Ayn. 
Hence the coefficient A; is given by 
Ai = Lf F(t) cost dt. 


Since the functions F(t) and cost are both even, with symmetry about the 
y-axis, we can simplify this to 


= 2 | F(t) cost dt. 
0 


We are trying to choose the coefficients so that F(t) = f(t), so we replace 
F(t) by f(¢) and obtain 


-2/ f(t) cost dt. (1.13) 


Example 1.5 


Returning to the saw-tooth function g(t) defined by Equation (1.4), find the 
value of the coefficient Aj. 


Solution 
Substituting the definition of g(t) from Equation (1.4) into Equation (1.13) 
and using integration by parts, we obtain 


Aj 2 | (—4£ +1) cost dt 
0 


TT 


2 ([(-£+1)sine]g ~ f” (2) sineat) 


Section 1 Finding Fourier series 


The trigonometric identities 
used in this exercise are based 


on more general versions in 


the Handbook. 
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So our second approximation to the function g(t) (our first non-constant 
approximation) is 


Gi(t) = $+ 4 cost. 


The graph of this approximation is compared with the graph of g(t) in 
Figure 1.6. Already it is quite a reasonable approximation. The scale of Figure 1.6 has 
been enlarged over that of 
Figures 1.4 and 1.5 in order 
A to help distinguish g(t) 
from G(t). 


Figure 1.6 


*Exercise 1.13 


Suppose that f(t) in Equation (1.13) is replaced by the square-wave function 
h(t) of the Introduction, defined in Exercise 1.11(a). Find the value of the 
coefficient Aj. 


1.4 Finding the general coefficients 


We can continue in this way to find each of the coefficients A,. Along the 

way to constructing the Fourier series, we find a sequence of functions that 

gives a better and better approximation to our even periodic function f. If f has discontinuities (for 
We have to evaluate many integrals, but, like those in Exercise 1.12, most example, if it is a square-wave 


vanish. Generalizing the results of that exercise, we find the following. function), then we have to be 
careful about what is meant 


by a ‘better and better 


Trigonometric integrals over the interval [—7,7] approximation’. This point 
will be discussed further in 
For any positive integers r and n, Subsection 1.5. 
Tv 
/ cos nt dt = 0, (1.14) 
—T 
Tv 
| cosrt cosntdt=0 (r¥#n), (1.15) 
ay 
/ cos? nt dt = nr. (1.16) 
TT 


These results mean that if we multiply both sides of Equation (1.6) by cos nt 
and integrate over the fundamental interval, then all of the coefficients except 
A, disappear. To see this, multiply both sides of Equation (1.6) by cos nt, 


to obtain 
[oe] 
F(t) cosnt = Ap cos nt + A, cos rt cos nt. 
r=1 


Then integration gives 


7 


T T asd 
/ F(t) cos nt dt = / Ag cos nt dt + yor f cos rt cos nt dt, 
et r=1 


—T —T 
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and using formulae (1.14) and (1.15) gives 
| F(t) cosnt dt = Ay, / cos” nt dt. 
Finally, formula (1.16) gives the value of the right-hand integral as 7, so 


An = a F(t) cos nt dt. 


= 


Since we are assuming that f(t) (and hence F’(t)) is even, and we know that 
cos nt is even, their product is also even. So we can simplify this integral to 


Ay = 2 | F(t) cos nt dt. 
0 


We are trying to choose the coefficients so that F(t) = f(t), so we replace 
F(t) by f(t) and we have 


Ag. = 2 [ f(t) cos nt dt. (117) 
0 


Example 1.6 


Returning once again to the saw-tooth function g(t) as defined by Equa- 
tion (1.4), find the values of the coefficients Ag and As. 


Solution 


Substituting the definition of g(t) from Equation (1.4) into formula (1.17), 
and using integration by parts, we obtain 


Ag = 2 | (-£+1) cos nt dt 
0 


2 ([(-£+1) (Asinne)]p — [”(-4) (Esinnt) at) 


2 (0+ 4,(1—cosnz)). 


If n = 2, cosnm =1, so Ap = 0. If n = 3, cosnz = —1, so A3 = 54. | 


Hence, from Examples 1.4, 1.5 and 1.6, a better approximation to g(t) is Since Aj = 0, Go(t) = Gi(t). 


G3(t) = Ao + Ai cost + Ag cos 2t + A3 cos 3t 
= $+ = (cost + § Cos 3t) . 


The graph of G3(t) is shown in Figure 1.7(a) to the same scale as Figure 1.6. 
Figure 1.7(b) shows the graph of G3(t) superimposed on that of g(t). 


at) 


T 
=i 0 7 =i 0 7 


ov 


Figure 1.7 


This shows a further improvement in the accuracy of the approximation, to 
the extent that it is hard to see a difference between the graphs of G's3(t) 
and g(t). 
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*Exercise 1.14 


Suppose that f(t) in formula (1.17) is replaced by the square-wave function 
h(t), defined in Exercise 1.11(a). Find the values of the coefficients Ag 
and As. 


Examples 1.4, 1.5 and 1.6 can be generalized to find all the coefficients in 
the Fourier series for the saw-tooth function g(t). We find that 


1 _ 4 _ _ 4 1 = 
Ao = 35; Ay ie Ag = 0, A3 72 x 9° A4 0, 
4 1 _ 4 1 _ 
As = = X 95; Ag = 0, Az = = X 4: Ag=0, ..., 


and a clear pattern has appeared. Hence the Fourier series for the saw-tooth 
function g(t) is 


G(t) = 4+ (cost + } cos 3t + 3 cos 5t + zy cos 7t+---), 


confirming Equation (0.2). Notice that this Fourier series can be written 
equivalently as 


1 4 1 
= —1)t. 
G(t) : + 3 d (sip cos(2s — 1) 


It is sometimes more convenient to write Fourier series in so-called closed 
form like this, using the summation symbol )°>. 


Exercise 1.15 


You have found, in Exercises 1.11(a), 1.13 and 1.14, the Fourier coefficients 
Ag, Ai, Ag and Ag for the square-wave function h(t), defined in Exer- 
cise 1.11(a). In fact, as indicated in Equation (0.2), its Fourier series is 


H(t) = 45+ 2cost + cos 3t + 4 cos5t — 2 cos7t+---. 


Write down this series in closed form. 


Procedure 1.1 ‘Fourier series 


Given an even periodic function f(t) with period 27 (and fundamental 
interval [—7, 7]), its Fourier series 


F(t) = Ag+ S > A, cos rt 
r=1 


is found by using the formulae 


Ay = tf 10 dt, Ap = ff F(t)cosrtdt (r= 1,2,...), 


1.5 Further remarks on Fourier series 


You have just tackled a substantial piece of work, and this has involved 
finding the Fourier series for several even functions. Having found them, 
you need to take stock of what you have done. 


Using the computer, you could have integrated numerically and found 
values for the coefficients directly. However, obtaining the Fourier series 
algebraically shows that there is a simple underlying pattern. Such patterns 
have proved very important. 
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You have seen that just a few terms of the Fourier series for the saw-tooth 
function g(t) give a very good approximation. However, the first few terms of 
the Fourier series for the square-wave function h(t) do not give a particularly 
good approximation, as Figure 1.8 illustrates. 


-—T 


Figure 1.8 


The situation improves only slowly for the square-wave function. Plotting 
the graphs for the sums as far as the cos 7t, cos 11¢ and cos 21t terms, better 
approximations to h(t) are obtained, as expected (see Figure 1.9). 


Section 1 Finding Fourier series 


Figure 1.9 


However, even H21(t) does not approximate h(t) as well as G3(t) does g(t). 
This is because of the discontinuities in h(t). We cannot reasonably expect 
the sum of continuous sinusoidal functions to provide a good approximation 
to a discontinuous function. From the graphs you can see that the approxi- 
mations to h(t) are worse near the discontinuities, i.e. near the points where 
the value of h(t) jumps from 0 to 1 and back again. Nevertheless, even 
for a discontinuous function such as h(t), we can, remarkably, approximate 
reasonably well using Fourier series. At a discontinuity, the Fourier series 
takes the average value of the function at either side of the discontinuity. 


There is a theorem (which we shall not prove) that guarantees the nature 
of the Fourier series for a wide class of functions. 


Theorem 1.1 


If, on the interval [—7z, z], the function f has a continuous derivative 
except at a finite number of points, then at each point xo € [—7, 7] the 
Fourier series of f converges to 


5 (f(ag) + f(x) - 


Here f(a) is the limit of f(a) as x approaches xp from above, and 
f(xo) is the limit of f(x) as « approaches ap from below. If f is 
continuous at xo, then f (zp) = f(a) = f(xo) and the Fourier series 
converges to f (29). 
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End-of-section Exercises 


Exercise 1.16 


If f(t) and g(t) are both odd functions, show that the function k(t) defined 
by 


k(t) = f(t) + g(t) 
is also an odd function. 


Exercise 1.17 


Find the Fourier series for the even periodic function f(t) defined on the 
fundamental interval [—7, 7] by 


fH=P. 
(Hint: Symbolic evaluation using the computer algebra package for the 
course gives 


6 
1 
| t? cos nt dt = a ((n?6? — 2) sinné + 2n cos n6) .) 
0 mv 


Exercise 1.18 


A variant of the saw-tooth function can be defined on the fundamental 
interval [—7, a] by 


w(t) = |t]. 


Find the Fourier series for this function. 


2 Fourier series for even and odd 
functions 


In the last section we concentrated on finding the Fourier series for two 
particular even periodic functions with period 7 = 27 and hence fundamental 
interval [—7, 7]. In this section we extend the technique to periodic functions 
that are either even or odd and have any fixed period rT. 


2.1 Fourier series for even functions with period r 


We shall now examine the function w(t) described in Exercise 1.18. If its 
graph is repeated along the t-axis, then it looks like a saw-tooth function 
(see Figure 2.1). 


Figure 2.1 
If the function is defined to have period 7 (rather than 27, as in Exer- 
cise 1.18), then a fundamental interval is [—5, 5]. Restricting attention to 


this interval, the graph of the function is as shown in Figure 2.2. 
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On this interval the function is given by w(t) = |t| or 
—t if-Z7<t<0 
j= eee” 2.1 
une { t if0<t<f. oa 


You saw in Subsection 1.1 that, when we are trying to find a Fourier series 
for a function with period 7, we must also consider functions with the shorter 


periods 
TF Pp FF 
oo AP a 


Corresponding to the fundamental period 7 and to these shorter periods are 
the angular frequencies 


2r Ar 6n 8x 107 
| a, a a 


yp tee 


Hence we consider the family of even functions 


C,.(t) = cos (=) (r = 1,2,3,...). 


= 
Since we are dealing with even functions, we also include the constant func- 
tion 


Co(t) = 1. 


As in Section 1, the argument used here is a general one. Thus, for the 
remainder of Subsection 2.1, we use the symbol f(t) to refer to a general even 
periodic function with fundamental interval [-$, 5]. As before, we assume 
that we can choose the coefficients in an infinite sum of these functions C;(t) 
in such a way that we can approximate the original function as accurately 


as required. We write this (as before) as 


F(t) = Ay + 3 Antibes (=) | (2.2) 


r=! 


To find the coefficients in this sum, we need evaluated integrals of the cosine 

functions that generalize Equations (1.14)—(1.16) used in the last section. 

The integrals in which we are interested are for functions defined over the 
TT 


fundamental interval [—3, 3]. 


Trigonometric integrals over the interval [—3, 5] 


For any positive integers r and n, 


7/2 
| cos (=) i=, (2.3) 
—7/2 T 
ue arnt 2nxt 
/ cos ( ) cos (7) =O. (FAQ), (2.4) 
—1/2 i T 


7/2 
/ cos” (==) dt = 5. (2.5) 
—7/2 T 


To find the coefficients in Fourier series (2.2), we proceed as before. We first 
multiply both sides of Equation (2.2) by a chosen cosine function. Then we 
integrate, and all but one of the coefficients become zero. We are left with 
a formula for that remaining coefficient. 
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First, to find the constant Ag, we integrate both sides of Equation (2.2) over 


the fundamental interval [—5, 5] to obtain 
7/2 7/2 oo 7/2 Orrt 
/ FG) d= l Ao a+ yo A, f cos (=) dt. 
—71/2 —71/2 r=l1 —71/2 T 


Using formula (2.3), all the integrals in the infinite sum become zero, leaving 


7/2 7/2 
i; r(yat= | Ag dt = TAo, 
—71/2 —71/2 


7/2 
Ag = + F(t) dt. 
—71/2 


sO 


As in Section 1, we now use the fact that we wish to choose the coefficients 
so that F(t) = f(t). Thus we put F(t) = f(t) to give 
7/2 


Ao = a f(t) dt. (2.6) 


—7/2 


The constant Ap can again be thought of as the average value of the function 
f(t) on the fundamental interval. 


Since the function f(t) is even, the integral between —5 and 0 is the same 
as the integral between 0 and 5. Hence 


7/2 
Ao = 2 | fi) dt: (2.7) 


To find the remaining coefficients A, in the Fourier series, we multiply each 
side of Equation (2.2) by the function cos(2nzt/7), and again integrate over 
the fundamental interval, to obtain 


7/2 D) 
i: F(t) cos (=) dt 
—71/2 T 


7/2 co 7/2 
= i. Ao cos (7) dt + yar f cos (==) cos (7) dt. 
—1/2 m1 on? a 


Using formulae (2.3) and (2.4), all the integrals on the right-hand side be- 
come zero except the one where r = n, and the equality reduces to 


7/2 9 7/2 2 
i F(t) cos (=) di=Ay cos? (==) dt = An, 


—71/2 —1/2 T 


where the last equality follows from formula (2.5). 


Hence, in order to choose the coefficients to ensure that F(t) = f(t), the 
coefficient A, is given by 


7/2 
An=2 ff (t)cos (==) dt. (2.8) 
—71/2 te 


Again, since the functions f(t) and cos(2nzt/r) are both even, their product 
is even, so we can simplify this formula to 


T/ ry 
Ay = s/ * F(t) cos ( *) dt. (2.9) 
0 


T 
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*Exercise 2.1 


For the saw-tooth function w(t) defined by Equation (2.1), find the coeffi- 
cients Ag and Ap. 


Substituting the coefficients that you have found in Exercise 2.1 into Equa- 
tion (2.2) gives the Fourier series W(t) corresponding to the saw-tooth func- 


tion w(t): 
7 ore i 2(2s —1)at 
W(t) = —— —-- 
@) 4 = (23> 1)? = ( ‘a ) 
T 2T 


( ( Qt ) 1 ( 6xt ) 
cos + = cos 
T 9 T 
a. 1 107t 7 
ap C08 | — : 
Since w(t) is very similar in form to the saw-tooth function we investigated in 


Section 1, it should come as no surprise that the successive approximations 
to w(t) generated by series (2.10) converge rapidly to w(t). Figure 2.3 


(2.10) 


compares the graph of w(t) with the graphs of the approximations Wo(t) = 7 


= cos (22t). 


and W,(t) = | — 


T 


I 
—2T 
Figure 2.3 


2.2 Fourier series for odd functions with period T 


We have so far concentrated on even periodic functions, but it is equally 
straightforward to deal with odd periodic functions. As an example of an 
odd periodic function, consider the function v(t) whose graph is shown in 
Figure 2.4. You can think of v(t) as representing another type of saw-tooth 
function, or as a broken surface made up of successive ramps and steps. 


> 


v(t) 


or 5 or t 
: 
Figure 2.4 
We have taken the function to have period 7, and hence it has a fundamental 
interval [—3, 3]. Strictly speaking, the function v(t) must specifically be 


defined to be 0 at the endpoints of the fundamental interval, as required 
for an odd periodic function (you verified this in Exercise 1.8). So, strictly 
speaking, we ought to define u(t) on [—3, 3] as 


t if -2<t< {, 


2.11 
0 ift=-—2Z ( ) 


The definitions of even and 
odd periodic functions are 
given on page 13. 
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However, when obtaining Fourier series for a discontinuous function, it is not 
necessary to define precisely the value the function takes at a discontinuity, 
since the value of a function at a single point will have no effect on the values 
of the integrals used to determine the coefficients in the Fourier series. As 
you saw for the square-wave function (in Section 1), at a discontinuity the 
Fourier series takes the average of the values either side of the discontinuity. 
This means that for our ramp function v(t), we can simplify its specification 
on the fundamental interval [—3, 3] to 

v(t) = t. (2.12) 
Its graph is shown in Figure 2.5. 


When dealing with even functions with period 7, you saw in the previous 
subsection that we could express their Fourier series in terms of the family 
of even functions 


C,(t) cos ( ) (r = 1,2,3,...). 


In the case of odd functions, there is a similar family 


S,(t) = sin (=) (r = 1,2,3,...). 


Qrat 
7 


T 


*Exercise 2.2 
Show that the function 


CAC en (=) 


is an odd function. 


To approximate the ramp function v(t) given by Equation (2.11), we need 
odd trigonometric functions with period 7. As usual, we must consider 
functions with periods 
ae ce a 
T, 9? e? q? ee st eso. 38 
Corresponding to these periods are the angular frequencies 
27 4n On 82 107 


’ ’ ’ ’ go ieee cee 
T T. T. Tr a 


So we must consider the family of sine functions 
Qrat 
S,(t) = sin ( a ) (r = 1,2,3,...), 
T 


which you have just verified (in Exercise 2.2) are all odd. 


In contrast to Subsection 1.1 where we considered the cosine series, we do 
not bother with the function So(t) = sin0 = 0, since any multiple of this 
function is zero. 

Example 2.1 


Sketch the graphs of the functions S1(t), S9(t), $3(t) and S4(t) on the fun- 
damental interval [-5, 5]. 
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Figure 2.5 


ov 


Section 2 Fourier series for even and odd functions 


Solution 


ot V 


re 


Figure 2.6 
O 


As before, the argument used to find the coefficients in a Fourier series for 
an odd function is a general one. Thus, for the remainder of Subsection 2.2, 
we use the function f(t) to refer to a general odd periodic function with 
fundamental interval [-5. 5|- Then we assume that we can choose the 
coefficients in an infinite sum of these functions S;,(t) in such a way that we 
can approximate the original function f(t) as accurately as required. We 


write the sum as 


F(t) = > B, sin (=) (2.13) 


T 


where the coefficients B,, Bo, B3,... are constants depending on the partic- 
ular function f(t). We shall refer to Equation (2.13) as the Fourier series 
for the odd function f(t). 


To find the coefficients B,,, we multiply both sides of Equation (2.13) by the 
function sin(2nzt/7) and integrate over the fundamental interval to give 


7/2 
/ F(t) sin (=) dt 
—71/2 T 


co 7/2 t 
= y B, | sin (=) sin (7) dt. (2.14) 
r=1 —7/2 . - 


To simplify Equation (2.14), we need evaluated integrals of sine functions 
analogous to those for the cosine functions in Subsection 2.1. 


Now that we are dealing with 
odd functions, there is no 


constant term because 
So(t) = 0. 
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Trigonometric integrals over the interval [-5, 5 


For any positive integers r and n, 


7/2 Inrt 
| sin (==) dt = 0, (2.15) 
—7/2 i 
2 arnt anit 
/ sin (=) sin ( ) da=0 (rn), (2.16) 
—1/2 £ <i 


7/2 
de (2 gee (2.17) 
—1/2 T A 


Using formula (2.16), all the integrals on the right-hand side of Equa- 
tion (2.14) become zero except when r = n. That is, 


7/2 7/2 
/ F(t) sin (==) dt = Bn | sin? (7) dt. 
—71/2 © —7/2 T 


Using formula (2.17), this reduces to 3By. Yet again, we are choosing the 
coefficients to make F(t) = f(t), so By, must be given by 


7/2 
B,== f(t) sin (=) dt. (2.18) 
Te 


—7/2 


Since the functions f(t) and sin(2nzt/7) are both odd, their product is even 
and therefore takes the same values on opposite sides of the origin. Hence 
we can simplify this formula to 


7/2 D) 
B= y f(t)sin (7) dt. (2.19) 


Example 2.2 


(a) Find the coefficients B,, Bz and B3 for the function v(t) defined in 
Equation (2.12). 


(b) Sketch the graph of 


2nt Ant 6nt 
V3(t) = By sin (=) + Bo sin (=) + B3sin (=) 


on the interval [-5, s|, and compare it with the graph of v(t). 


Solution 
(a) The coefficients B,, are given by formula (2.19) with f(t) = t. 


7/2 
For a general non-zero A, the integral | tsin Atdt can be found by 
using integration by parts: qu 


7/2 7/2 7/2 
| tsin At dt = [t(—+ cos At) 5 + if cos At dt 
0 0 


= —5y COS (27) + 2 sin (27) : 
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Putting \ = 22, 42, & we note that the sine term is zero, so 


7) PP? 


Me Qnt 7 

af tsin (=) it= 4 (—F cosz] =, 

T Jo T f An ® 

By = af tsin ( di = 
0 


- = 
ae Gat - 
Bz = | tsin (=) dt = 4 (- cos =z. 


By 


Figure 2.7 | 


The Fourier series for the ramp function v(t) is thus 


vit) = ay a= a (=) 


f=1 
Tl. (2nt 1... [Ant 1... [Ont 
=-—|{sin 7 SIN + 3 SIN cee], 
T T T T 


Our sketch in Figure 2.7 of the sum of the first three terms gives an ap- 
proximation to the function, but it is not as good as the corresponding 
approximation to the saw-tooth function that you met in the previous sub- 
section. As in the case of the square-wave function studied in Subsection 1.5, 
this is due to the discontinuities in the original function. At these points, 
the Fourier series takes the average value in the middle of the jump. Here 
that value is 0. In the case of a continuous function, the sizes of the co- 
efficients in the Fourier series decrease as 1/n?. By contrast, here and for 
the square-wave function, where there are discontinuities, the sizes of the 
coefficients decrease as 1/n. 
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Procedure 2.1 ‘Fourier series for even and odd periodic functions 


For an even periodic function f(t) with period 7 and fundamental 


interval [-s, ar the Fourier series 
(oe) 
arnt 
F(t) = Ag+ cS A, cos (=) 


r=) 


is found by using the formulae 
7/2 
Ao = 2 | f(t) dt, 
0 


7/2 
An=4 f f(t) cos (==) at (= Ty 2 occu) 
0 


For an odd periodic function f(t) with period 7 and fundamental in- 


terval [-5, 5], the Fourier series 


= 2rat 
EG) = Yo Brain ( r ) 
r=1 
is found by using the formula 


7/2 ont 
Ba=4 f" ste)sin( 2) at (nu =1,2,..). 


mal 


End-of-section Exercises 


Exercise 2.3 
The periodic function f(t) with period 7 is defined in the interval [—4, 3] by 
=—l f=2< 750 
_ 2 =); 
r= { 1 ah Oo: 
Find the Fourier series for this function. 


Exercise 2.4 


(a) Find a fundamental interval for, and hence the period of, the function 
c(t) defined in the Introduction as 


c(t) = |cost|. 


(b) State whether c(t) is even or odd and find the Fourier series for this 
function. 


(Hint: Use the trigonometric identity 
cos t cos 2nt = § (cos(2n — 1)t + cos(2n + 1)t) , 


which is based on a more general identity given in the Handbook.) 
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3 Fourier series for any periodic function 


In the last section you saw how to find the Fourier series for even and odd 
periodic functions. Unfortunately, not all periodic functions are even or odd. 
However, any periodic function is a sum of an even and an odd function, so 
you would expect to be able to approximate it with a Fourier series involving 
both sine and cosine terms. 


Exercise 3.1 


For any function f(a), show the following. 
(a) The function g(x) defined by 


o(a) = Ft Fee 
is even. 
(b) The function h(x) defined by 
na) = f= Fea 
is odd. 


(c) The function f(x) can be written as the sum 
f(x) = g(@) + h(@), 


where g(x) and h(x) are as defined above. 


Exercise 3.1 shows that one way of finding the Fourier series for a general 
function f is to find Fourier series for the functions g and h as defined in 
the exercise, and then add them. However, we can find the Fourier series 
for a general function more directly, as you will see in Subsection 3.1. 


The modelling of a real problem may involve a function f(t) that is defined 
only on some interval. We can choose the interval to be of the form (0, Z|. 
Then we can extend the definition of the function to the interval [- a 5 by 
choosing the function to be either even or odd on this interval. From there, 
we can extend the definition of the function to all the real numbers as a 


periodic function. You will see how to do this in Subsection 3.2. 


It is this technique that will be used in Unit 22 when we study vibrating 
strings. We extend the function modelling the initial displacement of a string 
to obtain an odd periodic function. Finding the Fourier series for this odd 
periodic function is a crucial step in the solution of problems of the type 
discussed in Unit 22, and a formula for obtaining such series is derived in 
Subsection 3.3. 


3.1 Fourier series for general functions 


Suppose that you have a periodic function f(t) with period 7 and fundamen- 
tal interval [-3 ; 5]. In general, the function will be neither odd nor even. 
However, it can always be written as a sum of an even function and an odd 
function, so it should have a Fourier series involving both cosine and sine 
terms. That is, we can try to represent f(t) as the general Fourier series 


— armt\ 2 
F(t) = Ag+ )> Arcos (=) +o Brsin ( my. 


TS r=1 
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As in Subsections 1.4, 2.1 and 2.2, the basic technique is to multiply by 
cosine or sine terms and integrate over the fundamental interval. We need 
an evaluated integral when a cosine and sine term are multiplied together. 


ate Z| 


Trigonometric integrals over the interval |—5, 5 


For any pair of integers r and n, 
ne Qrat 2nmt 
/ sin ( ii ) Cos (==) dt= 0, (3.1) 
—1/2 7 T 


Using this result, no new terms appear when we form our products, so we 
arrive at the same formulae as in the previous section. Formulae (2.6), (2.8) 
and (2.18) lead to the following result. 


The integrals here cannot be 
expressed as integrals from 0 
to 7/2, as the function is not 
necessarily even or odd. 


Procedure 3.1 ‘Fourier series for periodic functions 
For a periodic function f(t), with period 7 and fundamental interval 
[—3, 4], the Fourier series 
_ 2 =. Qrnt 
F(t) = Ao + oe ( zd) 7 ee ( - ) 
is found by using the formulae 
7/2 
Ay=+ [feat 
—71/2 
7/2 2 t 
An = 2 F(t) cos (==) dt (n=1,2,...), 
—71/2 T 
7/2 2 i; 
By =? f(t) sin (==) dt (= 1,2, .43) 
—7/2 & 
Example 3.1 


The periodic function f(t) is defined by 
fié)=e for-1<#<1, 
on the fundamental interval [—1,1]. Find its Fourier series. 


Solution 
The function f(t) has the graph shown in Figure 3.1. 


This function is clearly neither even nor odd. We use Procedure 3.1, with 
period 7 = 2, to find the Fourier series for this function. We obtain 


1 
Ao = a edt = $(e— e+). 
-1 


The other coefficients A,, and B,, (n = 1,2,3,...) can be obtained either by 
using symbolic integration in the computer algebra package for the course, 
or by hand using integration by parts. The software gives the formulae 


—1)®%(e — er! _1\2(5 _ ol 
A, = (-1)"(e-—e i, pe n1(—1)"(e —e ) 
1+ n?27? 1+ n27? 
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Every coefficient in the Fourier series involves the term e — e~!. The series 
is therefore conveniently written as 


= Qrnt = arnt 
F(t) = Ay + > Ay 00s ( ) + Brsin( ) 
gal g=1 


[oe] _] r ; 
=(e—e 1) [ = (5) (cos rat — resin . of 


The graph of the function f(t) and the graph of Fx(t), the sum of the 
constant and the first eight cosine and first eight sine terms in the Fourier 
series, are shown in Figure 3.2. There is a fairly good approximation to the 
function, except at the endpoints. At the endpoints, the Fourier series takes 
the average value, $(e + e~'), of the function either side of the endpoints. 


Figure 3.2 


Exercise 3.2 


Suppose that the periodic function f(t) is defined on the fundamental inter- 
val [—1, 1] by 


1 H=1<%<0, 
se = 4; PO<t< i: 


Find the coefficients of its Fourier series. 


3.2 Even and odd extensions 


In the Introduction we noted that the Fourier series of a complicated forc- 
ing function can be used to find the steady-state solution of a differential 
equation. 


In Unit 22 you will meet partial differential equations where the initial 
condition is given by a function of x. For example, for a plucked violin Note the changes of notation, 
string of length L, each point x along the string has an initial displacement ‘rom a function of t to a 


f(z) from its equilibrium position. Thus f is defined on an interval [0,L]. {action of x, and from 7 
to 2L. This is because the 


If the function f(z) is a sine function, then the solution of the equation can context changes in Unit 22 to 
be found quite easily. By analogy with the discussion in the Introduction, 0”¢ of position. 

we can solve the partial differential equation for a more complicated function 

f by finding the Fourier series for f. 
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In these types of problem, the function is initially defined only on (0, L] 
because that is the equilibrium position of the string. However, we can 
imagine that f is also defined on [—L,0] in such a way as to make f an 
odd function, which we denote by foaa, defined on [—L,L]. In order to 
specify foaq on this interval, we need to define foga(x) = f(x) if0 <a< LZ, 
and foaa(z) = —f(—ax) if —L <a <0 (see Figure 3.3). Once f has been 
extended in this way to a function f oaq defined on [—L, L], we can imagine 
that it repeats itself with period 2L. That is, we regard foqq as an odd 
periodic function with fundamental interval |—L, £]. This function is called 
the odd extension of the function f defined on (0, L]. 


Example 3.2 


Suppose that a violin string can vibrate in the (2, y)-plane, and is fixed at its 
ends which are at (0,0) and (L,0). A player grasps the string at the point 
($L,0) and pulls it in the y-direction, displacing that point by a distance 
EL, as shown in Figure 3.4. We assume that the displacement of the string 
can be modelled as two straight line segments on (0, $1] and on (AL, L}. 
(a) Give a formula for f(x), the function describing the transverse displace- 
ment of the string (i.e. the displacement in the y-direction, at right 
angles to the equilibrium position of the string) as a function of x. 
(b) Construct the odd extension foaq of f by defining foaq on the funda- 
mental interval [—L, LZ]. Sketch the graph of foaq(a) on this interval. 


Solution 


(a) The player displaces the point whose equilibrium position is (SL, 0) to 
the point (SL, HL). Thus the string is stretched along straight line 
segments from (0,0) to (SL, tL) and from (SL, iL) to (L,0). It 

follows that 


fle) Hu if0<2<3L, 
Ye 
(L — 2) if$L<a<L. 


(b) The odd extension coincides with f on [0,Z], and is defined on [—L, 0] 
by 
foaa(x) = —f(-2) 
A(L—(-a))=-#(L+2) if-L<«<—-3dL, 
—#(-2) = 32 if iL <2<0. 


Thus, over the whole fundamental interval |—L, L], we have 
-J(L+2) f-Lee<-tt, 
foaa(t) = 4 72 iPat bees 1h, 
S(b—a) iti b ees 1, 


The graph of foqa(xz) on the fundamental interval is given in Figure 3.5. 


Figure 3.5 a 
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*Exercise 3.3 


Suppose now that the same player as in Example 3.2 displaces the point of 

the a ee whose equilibrium position is (SL, 0), so that it is displaced 

to ($L,—s5L). 

(a) Give a formula for f(a), the function describing the transverse displace- 
ment of the string. 


(b) Construct the odd extension foaq of f by defining faq on the funda- 
mental interval [—L, ZL]. Sketch the graph of foqq on this interval. 


We can create even extensions just as easily as odd extensions. If f(x) 
is defined on [0,L], then we define feven in [—L,L] by stipulating that 
foveal) = fle) WO <e< Lb and facole) = f(—2) f —b<2< 0. This 
defines feven in the fundamental interval [—L,L] and hence on the whole 
real line. Defined in this way, feven is called the even extension of the 
function f defined on [0, L]. 


*Exercise 3.4 


Construct the even extension feven of the function f(x) found in Exer- 
cise 3.3(a), defined on [0, LZ], by defining feye, on the fundamental interval 
[—L, L]. Sketch the graph of feven on this fundamental interval. 


3.3 Fourier series for odd extensions 


In Subsection 3.2 you saw how to find the odd and even extensions of a 
function f(x) defined on an interval [0, L]. Since these extensions are odd 
or even, their Fourier series will take a simple form. In Unit 22 we shall be 
particularly interested in odd extensions, so we look now at the Fourier sine 
series corresponding to odd extensions. 


Suppose that the function f(a) is defined on the interval [0, Z] and extends 
to the odd periodic function foqq(z) as in Subsection 3.2. The fundamental 
interval is [—L, LZ] and the period is 2L. Thus, in finding the Fourier sine 
series for foaq(x), we must substitute 2L for 7 (and x for t) in applying 
Equations (2.13) and (2.19). This gives us the following procedure. 


Procedure 3.2.‘ Fourier sine series 


For an odd periodic extension foqa(x) of a function f(x) defined on the 
interval [0, L], the Fourier sine series for f(x), 


[oe) 
. (TTL 
Foaa(z) = 5 B, sin (=) ) 
r=1 


is found by using the formula 
9 L 
B= a f(x) sin (=) dx. 


So the coefficients in the Fourier sine series can be found by using the func- 
tion f(a) as defined on [0, L]. We need to know only about odd extensions 
to understand the values given by the Fourier sine series at points other 
than those in the original interval [0, L]. 


It is possible to obtain the Fourier cosine series for f(a) by considering its 
even extension in a similar manner, as you will see in Activity 4.2. 
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End-of-section Exercises 


Exercise 3.5 


Find the coefficients of the Fourier series for the periodic function f(t) de- 
fined on the fundamental interval [—1, 1] by 


_fttl if-1<t<0, 
ro= {i if0<t<1. 
Exercise 3.6 
The function f(x) = #(2 — 2) is defined on the interval [0, 2]. 
(a) Determine the odd extension of f(x). 


(b) Find the Fourier sine series for f(x). You may use the formula 


4 Fourier series on the computer 


This section uses the computer algebra package for the course to revise the 
content of the unit. You are asked to examine a particular Fourier series, 
finding the coefficients by using both numerical and symbolic integration. 
The advantage of numerical methods is that they will work for a greater 
variety of functions. Though the symbolic method will work only for suitable 
functions, it has the advantage that when it does work, the form of the 
solution often throws some additional light on the problem. 


Use your computer to complete the following activities. 


Activity 4.1 


Consider the Fourier series approximation F(t) for f(t) when: 


is . 
44+1 if—-7r<t<0, 
thal 7 as 
(2) FO ee LOK a 
defined on the fundamental interval [—7, 7]; 
1 if-2<t<2 
O10 


0 otherwise, 
defined on the fundamental interval [—7, 7]; 
(t)=t defined on the fundamental interval [—1, 1]; 
) =? defined on the fundamental interval [—1, 1]; 
t)=t° defined on the fundamental interval [—1, 1]; 
)=t?+t#° defined on the fundamental interval [—1, 1]. 
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For each approximation F(t) carry out the following. 


(i) Comment on the numerical values obtained for the Fourier series coeff- 
icients. 


(ii) Investigate how closely the Fourier series approximates f as the num- 
ber N of terms in the series increases, and comment on any unusual 
behaviour. 


(iii) Comment on the algebraic formulae obtained for the Fourier series co- 


efficients. 
Activity 4.2 
Consider the function 
3 ‘ 1 
ay vores 
f=) 9 ee 


defined on the interval [0, 1]. 


(a) Construct the even extension of f(t) and obtain its Fourier cosine series 
Feyen(t). Show that, by using more and more terms in this Fourier 
series, better and better approximations to the even extension of f(t) 
are obtained. Comment on the algebraic formulae obtained for the 
Fourier series coefficients. 


(b) Repeat part (a) for the odd extension of f(t) and its Fourier sine series 
Foaa(t) = 


Outcomes 


After studying this unit you should be able to: 
e understand the ubiquity and importance of Fourier series; 


e understand the terms frequency, period and fundamental interval, and 
be able to obtain them for a periodic function; 


e understand the terms even and odd as applied to functions, and be able 
to test a function to see if it is either; 


e find the Fourier series for an even and odd periodic function; 


e compare the graph of a function with the graph of a sum of terms in 
the Fourier series, and comment on the closeness of the approximation 
to the function; 


e find the Fourier series for a general periodic function; 


e understand how to modify a function defined on an interval to give an 
even or odd extension; 


e find the Fourier sine series for the odd extension of a function. 


Outcomes 
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Solutions to the exercises 


Section 1 


1.1 We have 


= 5+ (cos(t + 2m) + § cos 3(f + 27) 
+ 35 cos 5(t + 2m) + 7 cos7(t + 27) +--+) 
= 5+ (cos(t + 2m) + § cos(3t + 6m) 
4 = cos(5t + 107) + = cos(7t + 147) +-- -) 
+ 4 (cost + $ cos 3t + + cos 5t 
+ gg cos 7t +---) 
= Git). 
Similarly, G(t + 2n7) = G(t) where n is any integer. 
These results hold because adding 27 any number of 


times to a cosine argument does not change the value 
of the cosine. 


NIK 


1.2 The angular frequencies are 
13, Bs Fy hus 


and the periods are 


2m 2x 20 
27, 3) Bo Trees 


1.3 The angular frequencies of the component func- 
tions are 
3 
3 20 
and the corresponding periods are 
4 
a; ga 1 
The least common multiple of these periods is 4, so the 
period of the function f(t) is T= 4. 


7, 


1.4 The graphs are as follows. 
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C(t) 


When n = 0, formula (1.3) gives 
2 x Ont 
Co(t) = cos (= 


) =cos0= 1. 
= 
This is a constant function, which is periodic. 


1.5 Since g(—t) = (-t)? i 
function is odd. 


g(t) for all t, the 


1.6 (a) The function Co(t) has the following graph. 


Since the graph is reflected in the vertical axis, the func- 
tion must be even. 

(b) Here h(—t) = (-t)?+(-t)? =? -2#. 

In general, this is equal neither to h(t) nor —h(t), so 
the function is neither even nor odd. 


1.7 All the powers of t in the product f(#)g(t) are odd, 
so h(t) is an odd function. 


Alternatively, since f(t) and g(t) are odd and even func- 
tions, respectively, we know by definition that 


f(-t) =—f(t), g(—t) = g(t). 


Hence 
h(—t) = f(—t)g9(—t) = 


so h(t) is an odd function. 


f(t)g(t) = —A(t), 


1.8 Since f(t) has period 7, it must be true that 
f(-3) =f(§). Also, as f(t) is odd, it must be true 
that f(—$) = —f (3). Thus f(-3) = f(g) =0. 
The fact that f(t) is odd also gives 

i) =f) = =F), 
so f(0) = 0. 


1.9 From the graph, the values of the function repeat 
after an interval of length 27. Hence the period is 
T= 27. The angular frequency 2 satisfies T= a so 
here Q=1. 


1.10 For r = 1,2,3,..., 


T e t wT 
/ cos rt dt = | =0, 
= nee 


since sinra = 0 and sin(—r7) = 0. 


1.11 (a) Here the function takes the value 1 between 


0 and 5, and 0 between $ and 7, giving 


m/2 T 
Ay=+ f 1a f Odt = 5. 
0 n/2 


(b) This time, between 5 and 7 the function takes the 
value —t, giving 
m/2 T 
Ay=4 [adie (-$)dr= 3-4-3. 
0 mw /2 
1.12 (a) Using the given trigonometric identity with 
r = 2, we have 


/ cos 2t cos t dt = $(cos 3t + cos t) dt 


—T —t 
= Fe sin 3t + $ sin ¢] 
= 0. 


qT 
= Tr 


(b) Again using the trigonometric identity, this time 
with general r > 1, we obtain 


via 
if cos rt cost dt 
—7T 


-[ + (cos(r + 1)t + cos(r 


_ ae +1)t | sin(r— a " 
~ | &r+1) 2(r—1) |_. 


= 0. 


(c) Using the given trigonometric identity, we have 


[costa = | 4 (cos 2t + 1) dt 


—Tw —Tw 
= [Fsin2¢+ St] 


= iT. 


Tv 
=I 


(Alternatively, these integrals can all be evaluated sym- 
bolically using the computer algebra package for the 
course.) 


1.13 Substitute the definition of h(t) from Exer- 
cise 1.11(a) into Equation (1.13), and use integration 
by parts. The function h(t) takes the value 1 between 0 


and 5, and 0 between 5 and 7, giving Equation (1.13) 
as 
m/2 T 
A= 2 f 1x costdt+ 2 f 0 x cost dt 
0 mw /2 
= 2 fein ]7/? +0 = 2. 


Solutions to the exercises 


1.14 Substitute the definition of h(t) from Exer- 
cise 1.11(a) into formula (1.17). We could obtain a 
general formula for A,, as in Example 1.6, and then 
substitute n = 2 and n = 3 into that. Alternatively, 
put n = 2 and n = 3 into formula (1.17) and obtain 


n/2 T 
Ao = 2 | 1 x cosztat+2 | 0 x cos 2t dt 
0 m/2 


= {sin 2¢]0/? + 0 =0, 


m/2 T 

A3 = 2 | 1 x cosatat-+2 | 0 x cos 3t dt 
0 n/2 

2 [sin 34/7 +0 = -2. 


1.15 The closed form is 


bo (17 
H(t) = 2s — 1)t. 
o) gt oe Coa 


1.16 Since f(t) and g(t) are both odd functions, 
f(-t) =-f@), 9(-t) = —g(t). 
Hence 
k(—t) = f(—t) + g(-t) 
= —f(t) + (-9()) 
= —(f(t) + 9(4)) = —k(), 


so k(t) is an odd function. 


1.17 We have (using the hint) 


Ao= 4 | sqar=2 f Pdt= =, 
and, for n = 1,2,3,..., 


Tv 
Ayn = 2 f t? cos nt dt 
0 

ress a 


= 2x 4 ((n?x? — 2)sinnm + 2nmcosnr) . 


Since n is an integer, sinna = 0 and cosna = (—1)", 
giving 


4(—1)” 
Ay. = 72 (W=1,2;3)00.). 
The Fourier series is therefore 
i — (-1)" 
Fit) =%4 am 2 cos rt 
= m 4 cost + cos 2t 4 cos 3t 
+ fcos4t+---. 


(The graph of F(t) matches the expected graph, which 
consists of a parabola on the fundamental interval re- 
peated indefinitely to both the left and the right (see 
below).) 
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1.18 The function w(t) is even, and w(t) = t on the 
interval [0,7]. Therefore 


Ao= 4 f w()de=2 f tae=2[h]5 = 


and, for n = 1,2,3,..., 
An = 2 f tcos nt dt 
0 


wlA 


Tv 
= 2 [fsinn]y -2 f + sin nt dt 
Tv 0 n 


0 if n is even, 


if n is odd. 


nen 


Thus the Fourier series is 


W(t) = § 4S° (Os 7 cos(2s — 1)t 
s=1 
_ 4 4 4 
=F — 7 cost — 9, cos 3t 557 Cos ot 
Section 2 


2.1 The function w(t) takes the value t between 0 
and 3, so, using Equation (2.7), 


7/2 7/2 
Ay =2 [ w(t)at= 2 tdt = 
0 0 


Using formula (2.9), we also have 


Tf 2 9 t 
A, = 1/ w(t) cos (==) dt 
0 T 


2 [4e71;" - 


t 
q° 


nn? 
0 if n is even, 
= 2 
= if n is odd. 
(So we have 
+ 2T 
Ao = 7: Aj = aa Ag = 0, A3 = —g3» 
2T 2T 
Ag — 0, As = B72? Ag = 0, Az = A9n2” 
Ag = 0, ) 
2Qnat 
2.2 S,,(—t) =sin (- al ) 
= 
2nat 
= sin ( sl ) = —S,(t), 
7 


so S;,(¢) is an odd function. 
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2.3 The function is odd, so its Fourier series involves 
only sine terms (see Procedure 2.1): 


= Qrrt 
= 3 Brin ( _ , 
pa is 


where the coefficients are given by 


B, = +4 f(t) sin (==) dt 
0 Tr 


7/2 9 t 
a4 [sin (==) dt 
0 a 


A T 
cos 
r 2nt 


_ 2((-1)"th + 1) 


nT 

Evaluating each coefficient in turn yields 
4 4 4 
2 0, ? 0, ama | 

37 om 


so the Fourier series is 
foe) 


ri) = 4 sin (208 : vet) 


s=l 


4/., 2rt Le: 6nt 
= sin + 3 Sin 
T T T 
1: 10zt 
t 5 SIN free], 
‘ 7 


2.4 (a) It is clear from the graph of c(t) (Figure 0.2) 


that [—3, 4] is a fundamental interval, so c(t) has pe- 


(b) The function c(t) is even, so its Fourier series in- 
volves only the constant and cosine terms (see Proce- 
dure 2.1). Moreover, c(t) = cost on the interval [0, 3]. 
Therefore 


n/2 
Ap = 2/ cost dt = 


A= tf 
7 


cos t cos 2nt dt 


= $ (cos(2n — 1)t + cos(2n + 1)t) dt 
0 
: m/2 
_ 2 {sinQn—1)t | sin(QQn+1)t 
7 2n-1 ~ wnt+1 |, 
2 ee 1 “=) if n is odd, 


if n is even. 


2 1 | 
Tw 2n—1 '! seat 


1 Lo 2 
Qn-1 In+1 (2n—1)(2n+4+1)’ 


Now 


so the Fourier series is 


en al 


2 #4 
ca x 2 Gn —i)(ant i 


cos 2nt 


I 


2 2 
= +2 ix cos 2t a<5 cos 4t 


+ ==, cos 6t — 725 cos8t ++). 


Section 3 


3.1 (a) Using the definition of g(a), we have 
aia = Het ME) 


2 
= @ 


f(x) + f(-2) 
2 


Hence g(a) is an even function. 
(b) Using the definition of h(x), we have 
na) = fo) - F--2)) 


= = —h(a). 


Hence h(a) is an odd function. 
(c) Using the definitions of g(x) and h(x), we have 
f@)+f-®) | f@)=f(-*) 


g(z) +h) = ER, 


= f(z). 
3.2 Using Procedure 3.1, we obtain 


0 1 
Ao sf rat+3 f tdt=343=3 
0 


—1 


0 1 
An = i cos nat dt + | tcos nxt dt 
0 


=A 


= + [sin nmt|> , + + [tsin nt]o 


1 
ao i sin nt dt 
nit 0 


=0+0+ —+,[cos nzt]§ 


n2 72 


0 if n is even, 


if n is odd, 


I 


nen 


0 1 
i sin nat dt + | tsin nit dt 
0 


—1 


& 
3 
I 


= — + [cos nat]? , — + [tcos nat]y 
1 


+t ; cos nat dt 


- 1_ [cos nat]? — + [tcos not], 


nt 


+ <4, [sin nt], 


nT 
0-++0 
—-2.4+4+40 ifnis odd, 


nt 


if n is even, 


nT” 


3.3 (a) The string is stretched in straight lines from 


(0,0) to (L,—3,L) and from ($L,—5L) to (L,0), so 


—3¢ roa oe 2h, 
ne={ 40 _— = 3 


—i 
20 


3(m@-L) if2L<a2<L. 
(b) The odd extension coincides with f on [0,Z], and 
is defined on [—L,0] as 
foaa(z) = 
#(-¢-L)=3(e+L) if-L<a<-—-32L, 
if —2L <a<0. 


Solutions to the exercises 


Thus, over the fundamental interval [—L, L], 
S(e+L) if-L<«<—-3L, 
foaa(x) = — 32 if -—2L <a< 2L, 
S(@—-L) if$L<a<L. 
The graph of foaa(a) on the fundamental interval is 
shown below. 


3.4 The definition of foyen on the interval [—L, 0] is the 
negative of that in Solution 3.3. Thus 


-3(¢+L) if-L<2<—32L, 


raid if -3L<2£<0, 
even (x) = 3 : 2 
—Zpe tqU<a2< 3h, 
B(a-L) if2b<aK<L. 
The graph of fever on the fundamental interval is shown 
below. 
yA 
feven(2) 
_L 0 z 
(-§L,— a2) ($L,-s5L) 


3.5 Using Procedure 3.1, we obtain 
0 1 
Ao = af (+1jar+3 | 1dt 
ell 0 


1 [142 0 4 Te 8 
= j¢ +t] ,+2=4+9=% 


0 1 
Ay = i (t + 1) cosnat dt + | cos nat dt 
0 


—1 


0 1 
= / tcos nit dt + / cos nit dt 
1 = 


0 


= 4 [tsin nat? -i sin nat dt 
-1 
1 
+f cos nit dt 

-1 
= 0+ = [cos nt|> , + + [sin nat}, 
2 i-(-1" 
neg? 
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0 1 
B,= | (¢+1)sinnatde+ [ sin nat dt 
0 


-1 


0 1 
=| tsinnatat + | sin nt dt 


=] i 


nt 


0 
— + [tcosnat]?, + + | cos nit dt 
=i 


1 
+ / sin nat dt 


iL, 
nT 


cos(—nm) + <s [sin nat? , 
il 1 
— 5 [cos nrt]_, 
= —+cosnr 
(-1)” 


NT 


3.6 (a) Following the method in Example 1.3, the odd 
extension is 


fasta = a(2+a) if-2<a2<0, 
Me | gaa), 0s ae <2. 


(b) Using Procedure 3.2, the Fourier sine series is 


Feaule) = Y- Brsin (“), 
r=1 


where the coefficients are given by 


2 
By, = | x(2 — x) sin (=) dx 
0 2 
nna 


nt 0 
8 NTx\ 12 
| nen [a z) sin ( 2 , 
nTrx\ 12 
n3 713 [cos ( 2 YI. 
2 8 . : 
= nO 0) + 272 ( sin nz — sin 0) 
16 a 
<3 ((-1)"-1) 
16 
— 7373 | =f =1) ) 
Thus 
16 (1—(—1)") ... pra 
rat) = $a (2 
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UNIT 22 Partial differential equations 


Study guide for Unit 22 


The recommended study pattern is to study the sections in numerical order 
over five study sessions. However, the models developed in Section 1 are 
solved in Section 3, and the models developed in Section 2 are solved in 
Section 4, so you may prefer to study Section 3 straight after Section 1, and 
Section 4 straight after Section 2. Section 3 contains the main technique of 
the unit and is rather longer than the other sections. 


You will need your computer for Section 5, which involves using the com- 
puter algebra package for the course as a tool for solving and interpreting 
the results from the problems developed earlier in the unit. 


Partial differentiation was introduced in Unit 12, and the techniques in 
Sections 3 and 4 are based on ideas from Units 3 and 21. The discussion of 
diffusion in Sections 2 and 4 uses ideas from Unit 15. 


Eee 
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Introduction 


A partial differential equation is an equation relating a dependent vari- 
able and two or more independent variables through the partial derivatives 
of the dependent variable. Differential equations have played a very impor- 
tant role in the course so far. But until now, all the differential equations 
you have met have involved just one independent variable, and have been 
equations containing one or more dependent variables and their ordinary 
derivatives with respect to that independent variable. Such equations are 
often called ordinary differential equations when it is necessary to distin- 
guish them from partial differential equations. For many systems that we 
want to be able to model, ordinary differential equations are inadequate be- 
cause the states of the system can be specified only in terms of two — or 
even more — independent variables. When we are trying to model the way 
in which such a system changes, we are inevitably led to consider partial 
differential equations. 


One example of such a system is a plucked guitar string. One of the main 
topics of this unit is the derivation and analysis of a mathematical model 
for a taut string, such as a guitar string, plucked at some point along its 
length. A partial differential equation is required because the state of the 
string — by which is meant its shape at any given time after it has been 
plucked — requires a function u(x,t) of two independent variables, x and t, 
where x is the distance along the straight line joining the two points at 
which the string is anchored (which we can consider as an axis with origin 
at one end of the string), and t is the time since the string was plucked. The 
dependent variable u = u(x,t) is the sideways displacement of the string 
from the point on the axis determined by x, at time t. For fixed t = tj 
and varying x, u(x,t ) specifies the shape of the string at time ¢,; for fixed 
x = x, and varying t, on the other hand, u(21,t) tells how the sideways 
displacement of the string from the fixed point x = x; on the axis varies 
with time (see Figure 0.1). 


The model of the motion of the string that we shall develop will be a dif- 
ferential equation for the variable u. Since u depends on both x and ¢f, an 
equation that models the motion of the string will involve partial derivatives 
of u with respect to both x and t. One such equation is 
2 2 

ae (0.1) 

Ox? = c?-_ OF 
where c is a constant whose value depends on various physical characteristics 
of the string. This partial differential equation is called the wave equation. 
It is a very important equation of mathematical physics, in part because it 
occurs in many situations that involve vibrations of extended flexible objects 
like strings and springs. 


The wave equation is derived in Section 1, in the context of modelling the 
vibrations of a taut string (such as a guitar string). Another partial differ- 
ential equation, the diffusion equation, is developed in Section 2. Both are 
examples of second-order partial differential equations, in that the highest- 
order derivative that occurs is second order. Just as is the case for ordinary 
differential equations, the order of a partial differential equation is the or- 
der of the highest derivative that occurs in it. In this unit we deal only with 
second-order partial differential equations. Furthermore, all the equations 
that we deal with are linear, in that they contain no products of terms 
involving the dependent variable and its partial derivatives. 
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Partial derivatives were 
introduced in Unit 12. 


Ordinary differential 
equations are the subject of 
Units 2, 3, 11 and 13. 


The straight line joining the 
two points at which the string 
is anchored is the equilibrium 
position of the string. 


aa 


—<—_—_ ,.———>| 
x 


t fixed, x varying 
u(r, t) 


« >| 
na 


x fixed, t varying 


Figure 0.1 


The name wave equation is 
used because it models 
wave-like motions such as 
that of a plucked guitar 
string. 


Sections 3, 4 and 5 are concerned with solving examples of the wave equation 
and the diffusion equation. We shall not be able to obtain general solutions 
to these equations, but we shall be able to obtain a whole host of particular 
solutions, based on the imposition of appropriate initial conditions and/or 
boundary conditions. The techniques that we use to solve these two specific 
types of partial differential equation illustrate some of the techniques that 
can be applied to partial differential equations in general. However, here 
we shall not attempt to generalize beyond solutions to the wave equation 
and the diffusion equation. Section 5 shows how problems involving these 
equations can readily be solved with the aid of the computer. 


Checking whether or not a given function is a solution of a given partial 
differential equation is simply a matter of substituting the given function into 
the given equation, and seeing whether it is satisfied. The only difference 
from the case of an ordinary differential equation is that you have to calculate 
all the relevant partial derivatives. For example, let us check that 


u(a,t) = sin(kx) cos(kct) 


is a solution of the wave equation (0.1) for any constant k. We have 


Ou Oru — 

aa k cos(kx) cos(kct), aa = —k* sin(kx) cos(kct), 

Ou : . Ou oe 

a —kcsin(kx) sin(kct), cr —k*c* sin(ka) cos(kct); 
so, when u(x,t) = sin(ka) cos(kct), 

ou _ 1 ou 

Ox? c* Ot? 


and this function is indeed a solution of the wave equation. 


The initial conditions and/or boundary conditions appropriate to obtaining 
a particular solution of the wave equation or the diffusion equation depend 
on the context. For example, for the wave equation as a model of the 
vibrations of a guitar string, we can use two boundary conditions and two 
initial conditions. If LZ is the equilibrium length of the string, then the 
boundary conditions are 


wt) =u) =—0, tS 0; (0.2) 


these conditions correspond to the string being fixed at its ends. The initial 
conditions model the action of plucking the string, which sets it in motion. 
Plucking consists of holding the string in a certain shape, at rest, and then 
releasing it. If the initial shape of the string is given by a function f(x), the 
initial conditions may be specified in the form 


w2e,0) = fiz), O<2< DZ, 
Ou 
—(x,0) =0 <a<L. 
srl0,0)=0, 0S#< 
The first initial condition models the initial shape of the string, while the 


second corresponds to it being at rest initially. 


In order to obtain particular solutions, we shall need to make use of Fourier 
series, introduced in Unit 21, and of some ideas from Unit 3. In particu- 
lar, we shall need to apply the principle of superposition, which applies to 
linear second-order partial differential equations in the same way as to lin- 
ear second-order ordinary differential equations. The equations studied in 
this unit are all homogeneous, in that each additive term involves the 
dependent variable or its derivatives — there are no constant terms or 
terms involving solely the independent variables. However, the boundary 


Section 0 Introduction 


The boundary conditions are 
conditions where the spatial 


variable x is fixed. 


The initial conditions are 
conditions where the time 


variable ¢ is fixed (usually at 


ZeYO). 


We use the range 0 <a< LD 


for the initial condition 
u(x,0) = f(a) because the 


values of u(#,0) when x = 0 


and « = L are specified by 
boundary conditions (0.2) 
when t = 0. 
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and initial conditions may be homogeneous (e.g. u(0,t) = u(L,t) = 0 and 
(Ou/Ot)(x,0) = 0) or inhomogeneous (e.g. u(z,0) = f(x), where f is not 
the zero function). The principle of superposition says that if u; and 
ug are both solutions of a homogeneous linear partial differential equation, 
then so is any linear combination of u, and ug. Furthermore, if uz and ug 
both satisfy a homogeneous boundary or initial condition, then so does any 
linear combination of uw, and wo. 


1 Modelling using the wave equation 


In this section we shall look at two situations that can be modelled by the 
wave equation. In Subsection 1.1 we shall see how the wave equation arises as 
a model of the transverse vibrations of a taut string. Then, in Subsection 1.2, 
we shall see how damping can be incorporated into the model. 


1.1 The taut string 


In this subsection you will see how a continuous model of a guitar string — 
or indeed of any taut string — leads to a model of the transverse vibrations 
of the string as a second-order partial differential equation. 


We need to make some assumptions in order to develop this model. We 

assume that: 

e the string is uniform, with total mass M and equilibrium length L; 

e the string is taut, so that in equilibrium it lies in a straight line, which 
we shall take to be horizontal and label as the x-axis, with origin at the 
left-hand end; 

e each point of the string is subject only to a small, smoothly varying 
transverse displacement u, as shown in Figure 1.1, and the effect of such 
a displacement on the horizontal component of the tension force in the 
string is negligible; 

e the string is sufficiently light for the transverse displacement, though 
small, to produce a tension force much greater than the weight of the 
string, so that the weight of the string can be neglected; 

e all external forces, such as friction and air resistance, are negligible. 


Consider a small segment of string, as shown in Figure 1.2, that in its equi- 
librium position (no displacement) would occupy the interval [x, x + 62] on 
the x-axis. 


Since the string is uniform, the mass of this segment is Mdéa/L. As we are 
considering only transverse displacements, at some point in the motion the 
two ends of this segment occupy positions u(x,t) and u(x + dz,t), respec- 
tively. 


Since the segment is small we may model it as a particle of mass Mdéa/L 
located at the midpoint u(a + 552, t) of the segment. 


Since we are assuming that the tension in the string is much greater than the 
weight of the string, the only forces that we need to model are the tension 
forces on the segment, as shown in Figure 1.3. So the total force on the 
segment is T; + 'T2, and Newton’s second law gives 


Moéx 07u 
L Ot? 


(a + 46a, t)j~Ti+To. (1.1) 


46 


You will be asked to verify 
that this version of the 
principle of superposition 
applies to the wave equation 
at the end of Section 3. 


You saw a discrete model of 
a guitar string in Subsection 
4.2 of Unit 18. 


Af 
0 4 
> 
£ 
I< r >| 
Figure 1.1 
Axe,t), | Oe + dz, t) 
| 
u(x + dx, t) 
ula, t) 
| 
| v > 
z a+ éx z 
Figure 1.2 
Mix T. j 
7 L. 
Afax,t i 
ce O(a + da, t) , 
Ti 
Figure 1.3 


(The left-hand term is just 
mass x acceleration.) 


Section 1 Modelling using the wave equation 


We now need expressions for T, and T9. If we write T; = Hji+ Vij, where 
i and j are Cartesian unit vectors as shown in Figure 1.3, then we have 
Hy, = —|T,|cos(@(z,t)) and Vj = —|T4|sin(@(z, t)), so Vi = Hy tan(A(z, t)). 
One of our assumptions is that the horizontal component of the tension force 
in the string has constant magnitude, T say. So here H; = —T. Also (see 
Figure 1.4), tan(@(a,t)) is the slope of the segment at x, which is also given 
by the first derivative of the displacement with respect to x, so that we can 
write tan(@(z, t)) = (Ou/Ox)(x,t). Hence we have 
T, =-Ti- fea 
Ox 

Similarly, for T2, which acts at «+ dx where the slope is tan(@(x + dz, t)), 
we have Hy = —H; = T, so that 


Spt ; 
T2=Ti+ Ty, (e + dx, t)j. 


Substituting into approximation (1.1) and resolving in the j-direction gives 


Moz 07u Ou Ou 
pe ale + $or,t) 7 (Se + dx.) — MCe,0)). 
Expanding the left-hand side as a linear Taylor approximation gives 
Moézx (d7u 0 Oru Ou Ou 
—— | —~(g, t) + 462— —~(a,t) ) ~T | — t) — —(z,t 
Ot (Fale) + foe? at) = 7 (Bee dnt) — Hien), 


and rearranging gives 
M Oru i du( + dx,t)—24(2,t) 1M. O Oat ’ 
——~ (x,t) ~ x x,t). 
TLOP*’ bx 271 On Or 
Taking the limit as da — 0, the last term on the right-hand side vanishes, 
and the approximation becomes an equality. We then obtain 
M 0?u Ou 
—_ “(x t) = —~(a,t 
he Ot2 ce ) Ox? ee ); 


which, on rearranging and writing c? = TL/M, becomes 


O7u 1 07u 


aga (it) = pp (252). (1.2) 


This is the wave equation for transverse vibrations of a taut string. 


Example 1.1 
Use Equation (1.2) to determine the dimensions of the constant c. 
Solution 
[oufoe|=LE*=L",. jerafor|=L 7. 
Therefore 


9, _ (0°u/OH) LT? 2u9 
"1925 geet Eek 


so [ce] =LT-!. 


So c has the dimensions of velocity, and Equation (1.2) will be dimensionally 
consistent provided that ,/T'L/M has the same dimensions. 


az, t) a ula + dx, t) 
ula, t) 


bu 


Figure 1.4 


Recall from Unit 12 that 


~ f(a+dx,t)—f( 
lim 5 


28) — 8f (a, 1). 


dx—0 i 


Ox 


Here f = 0u/0x. 


The dimensions of a 
derivative were dealt with in 
Exercise 2.3 of Unit 16. 
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Exercise 1.1 
Show that \/7LZ/M has the dimensions of velocity. 


To obtain a particular solution to Equation (1.2), we need some initial con- 

ditions. Suitable initial conditions are values for the displacement and the The transverse component of 
velocity of the string at time ¢ = 0 for all points x along the string. These _ the velocity of the string is 
initial conditions will generally need to be expressed as functions of xz, say &Ven by the first derivative of 
f(x) and g(x). Therefore we can write the initial conditions as a ea 


(Gia. 


(#0) = 9c). 


Example 1.2 
A taut string of equilibrium length L is plucked at its midpoint, which is 


given an initial displacement d, as shown in Figure 1.5. It is then released 
from rest. Write down the initial conditions for the wave equation for the d 


transverse vibrations of this string. 


i 
Solution 2 
The displacement shown in Figure 1.5 has two linear sections. These have Figure 1.5 
slopes +d/ (5L) = +2d/L. Hence the initial displacement is given by 
2d 
L 
2d 
L 


As the string is released from rest, the transverse component of the initial 
velocity is given by 


x, O0<2< GL, 
u(z,0) = 
(L—a), 5L<2<L. 


Ou 

p(t 09) = 0, O0<a<Ll. ff 
*Exercise 1.200. 4 i 
A taut string of equilibrium length L is plucked one third of the way along : Ss Eeese 
its length, which is given an initial displacement d, as shown in Figure 1.6. aL a 21 ‘ 
What is the corresponding initial condition, for this displacement, for the 
wave equation for the transverse vibrations of this string? Figure 1.6 


To obtain a particular solution of Equation (1.2), we also need boundary 
conditions that correspond to the ends of the string being fixed. The dis- 
placements of the ends at time t are given by u(0,t) and u(L,t). Hence the 
required boundary conditions are 


wt =0, wot) =0, tou 
Once you have tightened the string, fixed its ends, plucked it and gently let 
it go, its subsequent behaviour is determined. So the two initial conditions 
and two boundary conditions are sufficient to be able to determine a unique 


solution to the wave equation for transverse vibrations of a taut string, as 
you will see in Section 3. 


48 


Section 1 Modelling using the wave equation 


Wave equation for transverse vibrations of a taut string 

A uniform taut string of mass M, equilibrium length L and constant 
horizontal tension 7’, fixed at both ends, is given a displacement d at 
its midpoint and then released from rest. The function u(x,t) repre- 
sents the transverse displacement at the point x along the equilibrium 
position of the string, measured from one fixed end, at time t. 


The behaviour of wu is modelled by the wave equation 


Pu 1 Pu ., fs 
aat hoe? Wheres = ap 
subject to boundary conditions 
wOtjeauhiaj=Hjt 120, 
and initial conditions 
7 ek O0<2 < 5L, 
u(a,0) = od 
7 (b- 2), sL<2<lL, 
0 
5 (t9) =0, 0<2<L. 
In the Introduction it was shown that any function of the 


form u(x,t) = sin(ka) cos(kct) is a solution of the wave equation, for any 
constant k. In particular, therefore, 


ees 


is a solution of the wave equation for transverse vibrations of a taut string, 
where L is the equilibrium length of the string. This solution also satisfies 
the boundary conditions and the second initial condition for the model. 


(1.3) 


Exercise 1.3 


Show that the solution given by Equation (1.3) satisfies the boundary con- 
ditions 


w(0,4) =u Li) =0, +20, 
and the initial condition 

0 

GD =0, 0<2<L. 


We shall see in Section 3 how to find a solution that also satisfies the other 
initial condition. 


If the string is not plucked at 
its midpoint, then a different 
formula for the initial 
displacement will need to be 
used. 
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1.2 Adding damping 


When we modelled the transverse vibrations of a taut string, we applied 
Newton’s second law to a segment of string and obtained the approximation 


Moz 07u Ou 
L 32 (a + 462,t) ~T (F200 + 6x, t) — se(e.0)) (1.4) 
This model assumes that the only forces on the segment of string are the 
tension forces due to the string. In practice, it is likely that there will be 
forces damping the motion. A first model of the damping force assumes 
that its magnitude is proportional to the length of the segment 6x and to 
the transverse component of the segment’s velocity (Ou/Ot)(x,t), and that 
it acts in the direction opposite to the velocity. Approximation (1.4) then 
becomes 


Ou 


Moéz 07u 1 Ou Ou 
Ou 
a bx Ft (x + 562, t), 


where a is a constant to be determined experimentally. Dividing through 
by 6x and taking the limit as 6x — 0, we obtain 


M Ou Pu Ou 


Rearranging gives 


Ou 1 (Pu du 5 FL aL 
ae (Za + 2e t) , where c = ava and € = TV a (1.5) 
For obvious reasons, we call this the damped wave equation. The bound- 
ary and initial conditions are as before. 


End-of-section Exercises 


Exercise 1.4 


How would the wave equation have to be modified to deal with a damping 
force with a magnitude proportional to the square of the magnitude of the 
velocity? Would the resulting equation be linear? 


Exercise 1.5 


Suppose that the initial conditions for the transverse vibrations of a taut 
string are 


3d 
=o; O<a2<1L, 
L 3 
1 
ap il a), shb<a< L, 
O 
5p (ts 0) = 0: (<¢2r 


Describe how the string has been set in motion. 
*Exercise 1.6 


A taut string is initially in its equilibrium position. At time ¢ = 0, it is 
struck in such a way as to impart, instantaneously, a transverse velocity 
v (in the positive direction) to the middle third of the string. Modify the 
initial conditions for the wave equation for transverse vibrations of the string 
to model this situation. 


50 


Section 2 Modelling using the diffusion equation 


2 Modelling using the diffusion equation 


In this section we shall look at a situation that can be modelled using a 
different second-order partial differential equation, known as the diffusion 
equation. In Subsection 2.1 we shall see how the diffusion equation arises as 
a model of heat transfer by conduction through an insulated metal rod. In 
Subsection 2.2 we shall see how, for an uninsulated metal rod, heat transfer 
by convection can be incorporated into the model. 


2.1 The insulated rod 


In this subsection we shall model the cooling of a hot metal rod, both of 
whose ends are kept at a fixed temperature O09. We assume that the rod is 
insulated along its length, so that the only significant heat loss is through its 
ends. This means that the situation is effectively one-dimensional, so that 
the temperature of a point of the rod at a given time varies only according 
to the distance x of the point along the rod, which we shall measure from 
one of its ends, as shown in Figure 2.1. As the rod is cooling down, the 
temperature also varies with time ¢t. Thus the temperature is a function of 
the two variables x and t, and will be denoted by O(z,t). We shall also 
assume that the rod is uniform, of mass M, length L and cross-sectional 
area A, with specific heat c and thermal conductivity k. 


To see how the temperature changes with time, we model the flow of heat. 
As we did when modelling the motion of a taut string, we shall look at 
a small segment of rod occupying the interval [z,2 + da]. As the rod is 
uniform, this segment has mass Méa/L. We then consider the flow of heat 
into and out of this segment. We shall measure the heat flow from left to 
right in Figure 2.2, to match the positive x-direction. 


For a sufficiently small segment, we may assume that O(«,t) ~ O(x + 62, t). 
So the change in heat energy of the segment over a small time interval 
[t,t + dt] is given approximately by 


E(t +6t) — E(t) ~ ue 


where E(t) is the heat energy of the segment at time t. Dividing both sides 
by ot and taking the limit as 6t — 0, we obtain 

dE Mcdzd00 

ai eo At (4). (2.1) 
which is the approximate rate of change of heat energy in the segment at 
time t. 


c(O(z,t + dt) — O(z, t)), 


We can now use Fourier’s law to obtain another expression for the rate of 
change of heat energy in the segment. We shall apply Fourier’s law to the 
cross-sectional surface of area A at each end of the segment, noting that 
the temperature gradient normal to each surface is given by 09/0zx. So, at 
time t, the rate of heat transfer by conduction into the left-hand end of the 
segment is 

KA? (a, t), 


and the rate of heat transfer by conduction out of the right-hand end of the 
segment is 


00 
KAZ (2 + 6x,t). 


Heat flow was the subject of 


Unit 15. 


Figure 2.1 


O(x,t) 


Oe + dx, t) 


x 


Figure 2.2 


As temperature is a function 
of two variables here, the 
temperature gradient is a 
partial derivative. 
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Therefore, since there is no source of heat transfer into or out of the segment 
other than by conduction along the rod, the rate of change of heat energy 


in the segment at time ¢ is 


00 00 
KA a (@:t) ( KA Du (a+ sr,t)) 


00 00 
=KA (See + dx, t) — ae t)) . 
Hence, using Equation (2.1), we have 


0O _ Mcoéz 00 


KA (Sole + en.0 — Fest) x 5p (22): 


Dividing both sides by 6x and taking the limit as 67 — 0, we obtain 


020 Mc0o0 
KAZ 3 (2,1) = ———(2,t), 


which, on rearranging and writing a = KAL/(Mc), becomes 


ome) 100 
Faz et) = a OE): 


This is known as the diffusion equation, or sometimes as the heat equa- 
tion, for the variation of temperature along an insulated rod. 


Since the ends of the rod are kept at a steady temperature Og, the boundary 


conditions are 


@(0,t) = O(L,t) =O, t>0. 


Further, if the initial distribution of temperature along the rod is given by 


a function f(x), then we have the initial condition 


Ge,0) fla), O< a <i, 


These conditions are sufficient for us to be able to obtain a unique solution 
to the diffusion equation for the variation of temperature in an insulated 


rod, as you will see in Section 4. 


*Exercise 2.1 


Suppose that the uniform rod in the above model has density p. Simplify 


the formula for the constant a. 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


We have found that the constant in the diffusion equation is a = K/(cp), 
which depends only on the intrinsic properties of the material, and not 


on its shape. The length L does, however, enter the problem through the 
boundary conditions, and implicitly in the initial condition. 
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We assume that the segment 
is not at either end of the rod. 


Note that we need only one 
initial condition because the 
equation is first order in time. 


Section 2 Modelling using the diffusion equation 


Diffusion equation for temperature variation along a rod 


A uniform rod of mass M, length L, density p, thermal conductivity x, 
specific heat c and cross-sectional area A, completely insulated apart 
from its ends, which are both at the same fixed temperature Oo, has 
an initial temperature distribution given by a function f(x), where x is 
the distance from one end of the rod. The function O(z,t) represents 
the temperature at the point x along the rod at time t. 


The behaviour of O is modelled by the diffusion equation 
ve 100 KAL kK 
a2 @ OF? where a = We ea 

subject to boundary conditions 
O(0;4) = 8(L,t)=] 65, tS 0, 

and initial condition 


Oe,0) = fiz), 0<a <i. 


*Exercise 2.2 
Show that the function 


_ ont TL 
Gai) =e- 1 sin (=) 


satisfies the diffusion equation (2.3) and the boundary conditions (2.4) if 
Gy = 0: 


*Exercise 2.3 


Suppose that, initially, the temperature of the rod rises linearly towards a 
peak in the centre, d above the end temperature 09, as shown in Figure 2.3. 
Write down a formula describing the initial temperature function f(x). 


2.2 The convecting rod 


Suppose that the rod in Subsection 2.1 is not insulated. In this case, heat is 
not only being conducted along the rod, but is also being convected from its 
surface, of area S. Let us suppose that the ambient temperature of the fluid 
surrounding the rod is Og, the same as the temperature at its ends, and that 
the convective heat transfer coefficient is h. To add the effects of convection 
to our model, we again look at a small segment of the rod of length dz. The 
rate of change of heat energy in the segment by conduction is given still by 
the right-hand side of Equation (2.2). We now need to subtract from this 
the rate of loss of heat energy by convection. Since the surface area of the 
segment is Séx/L, this rate of loss of heat energy is given by Equation (3.1) 
of Unit 15 as approximately 

n> (O(2,t) — Oo), (26) 


where again we assume that the temperature of the whole segment at time 
t is approximately O(z, t). 


The model still applies if the 
ends of the rod are at 
different temperatures, in 
which case the two boundary 
conditions would have 
different right-hand sides. 


Qa 
_ bean 
Oo 
0 T T = 
a L 
Figure 2.3 
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Exercise 2.4 


Use formulae (2.1), (2.2) and (2.6) to obtain a second-order partial differen- 
tial equation modelling the temperature variation in the convecting rod. 


So, for the convecting rod, the model of the temperature variation is 


fade) 100 KAL AS 
Age a OF +7@-Opo), where a We and + AT 


The boundary and initial conditions are as before. 


Exercise 2.5 


Suppose that the convecting rod has uniform density p and circular cross- 
section of radius r. Find expressions for the constants a and y that do not 
involve M, L, A or S. 


End-of-section Exercise 


*Exercise 2.6 


Write down the initial condition describing the temperature distribution if 
the central third of the rod is initially heated to a temperature OQ, while the 
remainder of the rod stays at the background temperature Oo. 


3 Separating the variables 


In the first two sections you have seen several physical situations modelled 
using partial differential equations. The next step is to find solutions to these 
models. We shall find solutions in this and the next section, but detailed 
interpretation of these solutions will be left until Section 5, where you will 
be able to explore the solutions on your computer. 


In this section we shall solve the wave equation and the damped wave equa- 
tion from Section 1. We shall do so in the context of the taut string, though 
the method of solution is independent of the physical context and can be ap- 
plied to any model involving the wave equation. We begin in Subsection 3.1 
by solving the wave equation for the taut string subject to its homogeneous 
boundary conditions and to the homogeneous initial condition specifying a 
zero initial velocity. Then, in Subsection 3.2, we go on to examine how to 
amend this solution to satisfy the inhomogeneous initial condition, speci- 
fying the initial displacement of the string. Finally, in Subsection 3.3, we 
extend our solutions to the damped wave equation. The goal, which is pre- 
sented at the end of the section, is a systematic procedure, which will enable 
us to solve a wide variety of partial differential equations. 
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Indeed, the method of 
solution can be applied to 
models involving the diffusion 
equation too, as you will see 
in Section 4. 


Section 3 Separating the variables 


3.1 Normal modes 


In this subsection we shall solve the wave equation for vibrations of a taut 


string, 
Ou 1 d07u 
aa = a AD? (3.1) 
Ox? GH? 
subject to the boundary conditions 
w0,¢) =wLa)=0, £20, (3.2) 
and the initial condition 
O 
5p (ts) =0, 0<2<L. (3.3) 


The method that we shall use, known as separating the variables, is 

applicable to a variety of homogeneous linear partial differential equations, 

including the wave equation and the diffusion equation. Essentially, it in- 

volves looking for solutions of the form u(#,t) = X(x)T(t), where X(x) isa Note that the function T here 
function of x alone and T(t) is a function of t alone, so that the variables x has no connection with the 
and ¢ occur in two separate functions that make up the solution. (constant) tension T’ used in 


Section 1. 
It turns out that in this particular problem T(t) has the form 
T(t) = cos(wt), 
where w is the angular frequency of the vibrations. 
We shall see why in Subsection 3.3. 


In fact there are an infinite number of such solutions, corresponding to 

different values of w. Each solution of the form X (x) cos(wt) is known as a 

normal mode of the continuous model. Let us now proceed to determine These normal modes are 
the form that X (a) and w must take if a function of the form X(zx) cos(wt) is analogous to the normal 
to be a normal mode of the model. In other words, we are going to look for modes studied in Unit 18. 
solutions of the form u(x,t) = X(x)T(t), where T(t) = cos(wt). (As we shall We shall see later how the 


see later, this form of the function T(t) ensures that initial condition (3.3) ™ethod can be generalized to 
is satisfied.) any function T(t). 


*Exercise 3.1 
Determine the partial derivatives 02u/Ox? and 0?u/0t? of the function 


u(a,t) = X(x) cos(wt). 


Substituting the values found for the partial derivatives in Exercise 3.1 into 
the wave equation (3.1) gives 


oe 
X" (x) cos(wt) = aX (2) cos(wt), 


which on rearranging gives 


(x"w + = X(a)) cos(wt) = 0. 


Since the time-dependent function cos(wt) is not always zero, the other factor 
must be zero. So we must have 


ip 
X"(x) + Xz) =(j, (3.4) 


We have reduced a partial differential equation to an ordinary differential 
equation, involving functions and derivatives depending on x alone, which 
we can solve immediately. 
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*Exercise 3.2 


What is the general solution of the differential equation (3.4)? 


So the wave equation (3.1) has normal mode solutions of the form 


u(x,t) = X(x) cos(wt), 


where X(z), the initial displacement, is given by Note that u(z,0) = X(a), so 
WL Wt that X (a) is the initial 
X (x) = Acos (=) + Bsin (=) ; (3.5) displacement. 
c a 


where A and B are arbitrary constants. 


These solutions do not restrict the angular frequency w in any way. However, 
for the taut string, there are very severe restrictions placed on w by the 
boundary conditions. 


*Exercise 3.3 


What do the boundary conditions (3.2) tell you about the initial displace- 
ment function X(x)? 


The boundary conditions tell us that 
X(0)=0 and X(L)=0. 


Using Equation (3.5), these conditions reduce to 
DL 
A=0 and Bsin (=) =), 
c 


From this second condition we have B = 0 or sin(wL/c) = 0. The case 
where B = 0 gives X(x) = 0 for all x, the zero function, which corresponds 
to no initial displacement. More interesting is the case where sin(wL/c) = 0, 
which gives wL/c = rz for any integer r, so that the only possible values for 
w are 


o= —, r=0,2),42,3,.%.% 


So the conditions on A and w give 


X(z) = Bsin (=) , r=0,+1,+2,4+8,..., (3.6) The case where X (a) is the 
L zero function is covered by 
where B is an arbitrary constant. Since B is an arbitrary constant and the case where r = 0. 
sin(—y) = —sin y, the cases where r = —1, —2, —3,... can be absorbed into B. 
Also, the case r = 0 is covered by taking B = 0. So we can write Equa- 
tions (3.6) more succinctly as 


A(¢)= Bsn (=) 5 S12 By icin Hence the allowed values for 


w are now restricted to 
We have found a range of values of w and the form of the function X(x) inthe “= ern/L, r= 1,2,3,.... 
normal mode. Now it is time to concentrate on the function T(t) = cos(wt). 
For our allowed values for w, the cosine term in the normal mode solution 


u(x,t) = X(x) cos(wt) must take the form 


crnt 
: =i Pe Pee 
cos ( ZL ) T 
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Hence normal mode solutions of the wave equation (3.1) that also satisfy 
the boundary conditions (3.2) are 


uee =x = isn (=) ee (=) | r=1,2,3,---, (3.7) 


where B is an arbitrary constant. 


Now, there is a version of the principle of superposition that applies to linear 
partial differential equations. As you saw in the Introduction, in the case 
of homogeneous equations of this type (such as the wave equation), the 
principle of superposition says that any linear combination of solutions of 
the equation is also a solution. So all linear combinations of solutions (3.7) 
are also solutions of the wave equation (3.1). Furthermore, the principle 
of superposition says that any linear combination of solutions that satisfy a 
homogeneous boundary condition is also a solution satisfying that boundary 
condition. Hence, since each of solutions (3.7) satisfies the homogeneous 
boundary conditions (3.2), so does any linear combination of them. So 
every linear combination of Equations (3.7) satisfies the wave equation (3.1) 
subject to boundary conditions (3.2). 


In the light of all this, consider the family of solutions 


t 
Ur (C,t) = sin (=) cos (= ) a ee es eee (3.8) 


The set of linear combinations of these functions is the same as the set of 
linear combinations of solutions (3.7), and so also forms a set of solutions of 
the wave equation (3.1) subject to boundary conditions (3.2). We shall take 
the family of solutions (3.8) to be our standard set of normal mode solutions 
from which every solution of the wave equation (3.1) subject to boundary 
conditions (3.2) and initial condition (3.3) can be obtained by taking an 
appropriate linear combination. 


*Exercise 3.4 


Interpret solutions (3.8) for r = 1, 2 and 3 in terms of the transverse vibra- 
tions of a taut string. 


The first three solutions in family (3.8) have initial displacements given by 
the graphs in Figure 3.1. Clearly the larger the value of r, the higher the 
frequency (and the higher the pitch of the note). 


X(xjh 
r=1 
Y ; 
. % 
Figure 3.1 
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So far, we have found a family of solutions (3.8) satisfying the wave equa- 
tion (3.1) and the boundary conditions (3.2). In fact, these solutions also 
satisfy the initial condition (3.3). 


Exercise 3.5 
Check that the solutions (3.8) satisfy the initial condition (3.3). 


The principle of superposition tells us that if solutions (3.8) satisfy the 
homogeneous initial condition (3.3), then so must any linear combination of 
solutions (3.8). Thus we have found a family of solutions (3.8), the linear 
combinations of which comprise a set of solutions to the wave equation (3.1) 
subject to the homogeneous boundary conditions (3.2) and the homogeneous 
initial condition (3.3). Moreover, though we do not prove it here, the set 
of linear combinations of solutions (3.8) is the complete set of solutions 
with these properties. It remains to determine what restrictions we need to 
place on our family of solutions to satisfy the other, inhomogeneous, initial 
condition of our model of the transverse vibrations of a taut string. 


3.2 The initial displacement 


In this subsection we shall see how we need to restrict the solutions we ob- 
tained in Subsection 3.1 to the wave equation (3.1), subject to boundary 
conditions (3.2) and initial condition (3.3), so as to satisfy the condition for 
the initial displacement. We shall look in detail at just one initial displace- 
ment, given by 


oc Dafa, <a, (3.9) 
where 
f(«) = ce ee (3.10) 
2d ; 


—(L—2), 5L<a«<lL, 


which is the initial displacement of a taut string plucked at its centre. The 
technique can be applied to other initial displacements, in an obvious way, 
as we shall indicate later. 


Unfortunately, none of the individual members of the family (3.8) of func- 
tions u,(x,t) satisfies condition (3.9), since 


Ue, 0) sim (=) = f(x) 


However, we can find a linear combination of the family (3.8) of functions 
that does satisfy condition (3.9). You will recall from Unit 21 that a function 
such as f(x) can be approximated by a Fourier series, i.e. by an infinite sum 
of sinusoidal terms. So it should come as no surprise that what we need to 
satisfy condition (3.9) is an infinite linear combination of the family (3.8) of 
solutions, i.e. a solution of the form 


[oe] lo-e) 
t 
u(x,t) = ) Byu,(z,t) = ) B, sin (=) cos (=) ‘ (1) 
r=1 r=1 


The principle of superposition extends to such infinite sums, so that they 
satisfy not only the wave equation (3.1), but also the homogeneous boundary 
conditions (3.2) and the homogeneous initial condition (3.3). So all that 
remains is to determine when Equation (3.11) satisfies the inhomogeneous 
initial condition (3.9). 
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When t = 0, Equation (3.11) becomes 


[o.e) 
(2,0) = > B, sin (7) ‘ 
il | 


So if Equation (3.11) is to satisfy condition (3.9), then we must have 


f(x) = ye, sin (=) , 


Hence all we need to do is to express the function f(x), describing the This technique can be applied 
initial displacement, as a Fourier sine series. You saw in Unit 21 how to to any initial displacement 
deal with such functions that are not naturally periodic. The function f(z) function for which we can 

in Equation (3.10) is defined on the interval [0, ZL]. We want it described as bape Pounce eile ates 

a sine series, in which the sine functions are periodic on the fundamental 

interval [—L, L]. 


You saw in Unit 21 that the coefficients B, are given by the integrals 


L 
B= a f(x) sin (7) dx. 


For the function f(x) in Equation (3.10), these integrals evaluate to 


8d 
B, = sin (=) ; This can easily be checked 
r using the computer algebra 
so the values for the coefficients B,, for r = 1,2,3,4,5,6,..., are given by package (cf. Activity 4.2 in 
7a? 9 9,27 9 apn? Or ver 
Substituting into Equation (3.11) gives the solution for our plucked string 
problem as 


wet) = mu sin (=) cos (=) : sin (==) cos (= 
ag L i, 9 i L 
ah dh. a 5Tx aa omct 
—§ — ee) eee Be 
25 L L 


This may seem a very complicated solution, and you may not be able to see 
immediately how this combination of terms behaves. However, in Section 5 
you will be able to plot the solution graphically, using your computer. The 
method used to obtain this solution, known as separating the variables, can 
be applied to a variety of homogeneous linear partial differential equations, 
not just the wave equation. 
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3.3 The damped plucked string 


In Subsections 3.1 and 3.2 we solved the wave equation model for vibrations 
of a taut string initially plucked at its midpoint. In this subsection we shall 
generalize the method in order to solve the damped wave equation model 
for vibrations of a damped taut string plucked at its midpoint. The model 
developed in Subsection 1.2 is 


Ou 1 (Au Ou 
= 2 3.12 
Ox? =(Sr+ oo). i) 
subject to boundary conditions 
w0,) =u b,)=0, +20, (3.13) 
and initial conditions 
2d ‘ 
—f2Z, O<2e< gh, 
L 
ule, 0) = aa (3.14) 
= (L-2), sL<2<L, 
Ou 
5p (t 9) =0, 0<2¢<L. (3.15) 


We shall assume that the damping is very weak, so that ¢ is small, as this 
makes the solution process easier. 


Step (a) 


In Subsection 3.1 we wrote the unknown function as 
u(x,t) = X(x)T(t) = X(x) cos(wt). 


Such solutions, with T(t) = cos(wt), represent a system that vibrates in- 
definitely. At a point a distance x along the string, the amplitude of the 
vibration is X() for all times t¢. Clearly, this will not do for the damped 
taut string, as we expect the vibrations to fade away. So here we just look 
for solutions of the form 


u(zjt) = X(z)T(t), 
without giving any specific form to T(t). 
We now have to find the relevant partial derivatives of the function u(z, t) 
in terms of the functions X(#) and T(t). 
*Exercise 3.6 
If the function wu is defined as a product 
u(z,t) = X(a2)7(t), 


find formulae for the partial derivatives Ou/Ot, 0?u/Ot? and 0?u/Ox? in 
terms of the functions X and 7 and their ordinary derivatives. 
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We shall label each step, and 
at the end of the subsection 
the method will be 
summarized as Procedure 3.1. 


Step (b) 
Substituting the results of Exercise 3.6 into Equation (3.12) gives 


X"(2) T(t) = 5 (X(a)T"(t) + 2eX(x)T'(2)). 


We now want to separate the variables, i.e. to make each side of the equation 
a function of a single variable. We do this by dividing through by X(x)T(t) 
to obtain 


X" (2) =i T"(t) T'(t) 
Ag): ( T(t) eee T(t) ) (3.16) 


On the left-hand side there is a function of the variable x only, and on the 
right-hand side there is a function of the variable t only. Whatever the value 
of x and whatever the value of t, the two sides of the equation must always 
be equal. The only way that this can occur for all x and all t is for both 
sides of the equation to be constant. Let us call this constant jy. Then 


X"(a) 1 Zz a =p 


= 2 
Ka 2Te "TO 
The single equation (3.16) then becomes a pair of equations. The first of 
these is 
X" (a) 
=H, 
X (a) 


which on rearranging becomes 


*Exercise 3.7 


Find the corresponding differential equation satisfied by the function T’. 


The second equation reduces to 
T" AT — co pT —0. (3.18) 


Now we have completed the process of separating the single partial differ- 
ential equation into two ordinary differential equations, but we still have 
to find boundary conditions for the function X. To do this, we substitute 
u(a,t) = X(x)T(t) into the boundary conditions (3.13). 


The boundary condition u(0,t) = 0 becomes X (0)T(t) = 0 for all t. It is pos- 
sible that the function T always takes the value zero, i.e. is the zero function, 
but that gives us the uninteresting solution u = 0, where the system remains 
undisturbed. If the system is in motion, then the function T cannot be the 
zero function, and hence the boundary condition reduces to X(0) = 0. Sim- 
ilarly, the boundary condition u(L,t) = 0 gives X(L)T(t) = 0 for all t, and 
hence by a similar argument X(L) = 0. So the boundary conditions become 


X(0)=0 and X(L)=0, (3.19) 


which are boundary conditions for the ordinary differential equation (3.17). 


Section 3 Separating the variables 
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Step (c) 
We solve the differential equations for X and T so that the boundary con- 
ditions (3.19) are satisfied. 


For the function X, we have Equation (3.17) and boundary conditions (3.19). 
If ys is positive, then we can write p. = k?, for some non-zero number k, and 
the general solution to Equation (3.17) is 

X(z) = Ae™ + Be-™. 


The only way to satisfy the boundary conditions is for A and B both to be 
zero, which leads to the trivial solution u = 0. 


*Exercise 3.8 
What is the solution when js = 0? 


Hence, to obtain interesting answers, we assume that ju is negative and write 
pt = —k?, for some non-zero number k. Equation (3.17) becomes 

X"+k?X =0, 
with general solution 

X (x) = Acos(kx) + Bsin(kz). 
As in Subsection 3.1, the boundary conditions (3.19) tell us that A = 0 and 
Bsin(kL) = 0, so that B =0 or sin(kL) =0. The case B = 0 gives the 
trivial solution again, whereas the case sin(kL) = 0 restricts k to take one 
of the values ra/L, where r is an integer. Hence, as in Subsection 3.1, we 
find again a family of solutions to the boundary-value problem for X of the 
form 

rTa 


X,{¢) = Bem (=) » PHD. Beas (3.20) 


where B is an arbitrary constant. 


Now we must deal with the equation for T. We know from our discussion of 
the function X that to have a non-trivial solution u, we must have pp = —k? 
and k = rr/L (for positive integers r), so that the differential equation (3.18) 
for T’ becomes 


T" +2cT’+u°T =0, where w= ck. (3:21) 
To solve Equation (3.21) for T’, we first solve the auxiliary equation 
M7 4-9er+ a" = 0, 


which gives 


A= ex e2 — w?, 


Using the assumption that ¢ < w, i.e. € is much smaller than w, which 
corresponds to very weak damping, this reduces to 


AX -Etiw. 
The corresponding general solution is 
T(t) ~ e~(acos(wt) + Bsin(wt)), 


where qa and £ are arbitrary constants. 
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The boundary conditions 
reduce to A+ B=0 and 
Ae** + Be-*t = 90, 
Substituting B = —A into the 
second equation gives 

A(e*” — e-*“) = 0. Since 
L#0and k £0 we have 

ehh — e-*? £0), so that 
A=B=0. 
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Using the allowed values for k (i.e. ra/L, for positive integers r), where 
w = ck, this gives the approximate solutions 


t t 
T(t) = ene (a00s (=) + Bsin (= )) , PHA Day (302) 


where a and £ are arbitrary constants. 


Thus, we can combine the two families of solutions (3.20) and (3.22) to 
obtain the family of approximate solutions 


Up(at) = Aype)yT The fact that we allow all 
linear combinations of 
t 
Ag ere ais (=) (0 cos (= ) + 6Bsin (=) . members of the family (3.23) 
L L L allows us to omit the 
TS 285.2005 (3.23) arbitrary constants from 


; — - family (3.20), but we cannot 
where a and (are arbitrary constants. By the principle of superposition, any omit the arbitrary constants 


linear combination of members of this family of solutions is (approximately) a and #3. 
a solution to the original partial differential equation (3.12) and satisfies the 
boundary conditions (3.13). 


Step (d) 


Now we try to satisfy the initial conditions. We begin with the homogeneous 
initial condition (3.15). This was automatically satisfied for the undamped 
problem, but it is not automatically satisfied here. We know, from the 
principle of superposition, that if each member of family (3.23) satisfies the 
homogeneous initial condition (3.15), then so will any linear combination of 
members of the family. So we just need to consider u,(z,t) for an arbitrary 
r (in the range r = 1,2,3,...). Differentiating (3.23) with respect to t, we 
obtain 


cy ty met cin TTL crm i crnt Rey crnt 
ae ea we -rs8 ra se i L a L 


— ce" sin ( * ) ( acos aon + Bsin an . 
L L L 


When t = 0, and writing w = ck = cr7/L as earlier, we obtain 


a (2,0) = (oF - ca) sin (=) = (wB — ea) sin (7) é 


For initial condition (3.15) to be satisfied, for 0 < « < L, we must have 
w3—ea~ 0. For very weak damping, as we noted earlier, we have ¢ < w. 
This means that to satisfy wG— ea ~ 0, we must have @ ~ 0. Thus, to satisfy 
the initial condition (3.15), approximately, we need to restrict family (3.23) 


to 
TTL crmt 
Ul; 4) ae“ sin (=) cos ( L ) p. 0 Sd Spey 


where a is an arbitrary constant. As before, since our solutions are linear 
combinations of these functions u,(a,t), we can ignore the arbitrary con- 
stants a and obtain the family of approximate solutions 


t 
Ur(x,t) ~ e sin (=) cos (= ) e STP eapeved (3.24) 


By the principle of superposition, any linear combination of members of 
this family of solutions is (approximately) a solution to the damped wave 
equation (3.12) and satisfies the homogeneous boundary conditions (3.13) 
and (approximately) the homogeneous initial condition (3.15). 
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We now need to satisfy the inhomogeneous initial condition (3.14). As in 
Subsection 3.2, we look for an approximate solution of the form 


co [oe] 
; t 
test) = S> Bru, (x,t) ~ e~* > sin (=) cos (= ) : (3.25) 
1 r= 


where the B, are constants. 


Setting t = 0 in approximation (3.25) gives 


u(x,0) ~ », B, sin (=) ; (3.26) 
r=1 


while the given initial condition (3.14) is 


2d ‘ 
7 ae O< a < al 


2d 
= (L- 2), sL<a<L. 


ule.0)= 


The situation is exactly the same as in Subsection 3.2, so we obtain the same 
Fourier coefficients B, as there. Substituting these into approximation (3.25) 
gives the final form of the approximate solution as 


(5 OE etl on f met IL. a:2 fate 3mct 
wast) = ae sin | — } cos | = g sin { —— } cos | —— 
i: 1. (57x 5act 
55 sin | = — } cos | = saa 


This is the same as the solution to the undamped problem except for the 
factor e~*', which describes exponential decay. Hence the shape of the 
string is roughly the same as before, apart from the amplitude becoming 
progressively smaller by the factor e~*'. The shape determines the sound, 
so the sound stays the same, only now it gets progressively quieter, since 
the volume is determined by the amplitude. You will be able to investigate 
the predicted behaviour more fully by use of your computer in Section 5. 


As promised, we now summarize the method of separating the variables in 
the form of a procedure. 
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Remember that this is an 
approximate solution, under 
the assumption of very weak 
damping, where ¢ is very 
small. 


Section 3 Separating the variables 


Procedure 3.1 Separating the variables 


Given a homogeneous linear partial differential equation with depen- 

dent variable u and independent variables x and t, subject to appropri- 

ate homogeneous boundary and initial conditions, a solution can often 

be found by means of the following steps. 

(a) Write the unknown function as a product of functions of one vari- 
able, i.e. write 


wlt.t) =X (eyr te). 


Find the required partial derivatives of u in terms of the ordinary 
derivatives of the functions X and T. 

(b) Substitute the partial derivatives found in (a) into the partial differ- 
ential equation. Rearrange the equation so that each side consists 
of a function of a single independent variable. Each side of the re- 
arranged equation must equal a constant, giving separate ordinary 
differential equations for X and T. Use the boundary conditions 
for u to find boundary conditions for X. 


(c) Solve the differential equations for X and T found in (b). Use the 


boundary conditions for X to find families of solutions X;,(x) and The non-zero members of 
T,(t) that combine to give a family of solutions the family of solutions 

u,(x,t) = X,(av)T;,(t) are 

Ur(z, t) = X,(x)T;(t), r=0,1,2,3,..., known as normal mode 


of the original partial differential equation. solutions! the: preblem: 


(d) Use the initial conditions and results about Fourier series to deter- 
mine (when possible) an infinite linear combination of the family 
of solutions found in (c), ie. 


tet) = Sa); 
r=0 


that solves the original problem. 


End-of-section Exercises 


*Exercise 3.9 


This exercise asks you to verify that the principle of superposition applies to 
the wave equation subject to certain homogeneous conditions, to justify its 
use in this section. Suppose that the functions u; and ug satisfy the wave 


equation 
O7u _i Oru 
Ox? sc? OP: 
and the homogeneous conditions 
0 
u(0,t) =u(L,t)=0 and GD =0. 


Show that the linear combination u = a,u, + agg, where a; and ag are 
constants, is a function that satisfies the same equation and conditions. 
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*Exercise 3.10 


Use Steps (a) to (c) of Procedure 3.1 to find an infinite family of solutions 
for the following model: 


O7u i O7u 0 Thi he tna 
ss — Sy 1s equation 1S KNOWN as 
ie 6B . 


Laplace’s equation. 
subject to boundary conditions 


(0.2) =wl,t)=0, b20. 


4 Solving the heat transfer problems 


In this short section we shall see how the method of separating the variables, 
in Procedure 3.1, can be used to solve the diffusion equation subject to ap- 
propriate boundary and initial conditions. We shall do this in Subsection 4.1 
in the context of the insulated rod problem of Subsection 2.1, and in Sub- 
section 4.2 in the context of the convecting rod problem of Subsection 2.2. 


If you feel confident about the method of Procedure 3.1, then you might 
like to try and solve the models for these problems yourself before working 
through this section — in this way you might consider this section as an 
extended End-of-section Exercise for Section 3. 


4.1 The insulated rod problem solved 


In this subsection we shall use Procedure 3.1 to solve a particular model for 
the insulated rod problem discussed in Subsection 2.1. In this model, the 
temperatures at the ends of the rod are zero (Q9 = 0°C), and the initial 
temperature of the rod is given by a function f(x) identical to the initial 
displacement function for the taut string problem considered in Section 3. 
The model is 


ao 100 
eo ee 4.1 
0x2 a Ot’ el) 
subject to boundary conditions 
O(0,t) =0(2,4) =0, 20; (4.2) 
and initial condition 
2d 1 
Le 0<2 < 5 Li, 


—(L—2), 5L<a«<L. 


Later in this subsection we shall see how our solution can be adapted to 
cover any fixed temperature Op at the ends of the rod. 


Step (a) 
We begin separating the variables by setting 
O(2,;t) = X(z)T (et), (4.4) 
and finding the relevant partial derivatives: 
ae 
a 4.5 
Ox? , (4.5) 
oo 
= =X", 4.6 
at (4.6) 
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Step (b) 


To find separate ordinary differential equations for X and T’, we substitute 
the formulae for the partial derivatives into the partial differential equation, 
and rearrange. Here, substituting (4.5) and (4.6) into Equation (4.1) gives 


1 
PST. 
a 
Dividing by XT, to separate the variables, results in 
oe (4.7) 


Here the left-hand side is a function of the variable x alone and the right- 
hand side is a function of the variable ¢t alone, so both are equal to a con- 
stant 4. The single equation (4.7) then becomes a pair of equations 
xX" 1 T! 
xe ope 
which on rearranging give 
X"” — uX =0, 
T’ —apT =0. 


oN 
co CO 
SS 


To find boundary conditions for X, we put x = 0 and x = L in Equation (4.4) 
and substitute into the boundary conditions (4.2), which gives 


ATG) =X(L)Ta=H=0, 220, 
and hence 


X(0) = X(L) =0. (4.10) 
Step (c) 


Next we solve the differential equations for X and 7’, and combine the 
families of solutions. 


The differential equation (4.8) for X, and its boundary conditions (4.10), are 
the same as in Section 3. You have seen that a non-trivial solution occurs 
only if the constant pz is negative. Hence, as before, we replace pp by —k? 
and find the same family of solutions 


TTL 


X,(z) = Bsin (=) g oe yo acnky (4.11) 


where B is an arbitrary constant. 

Our next task is to solve Equation (4.9) for the function T when the constant 
is replaced by —k? and k takes the value r7/L for some positive integer r. 
*Exercise 4.1 

Solve the differential equation 


T' +ak’T =0. 


Putting k = r7/L in the solution to Exercise 4.1 gives the family of solutions 


arnt 


iS Ae Og ee 128 key (4.12) 


where A is an arbitrary constant. 


As before, & takes one of the 


values r/L. 


Under these circumstances, 


Equation (4.9) is the equation 


for exponential decay. 
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Combining families (4.11) and (4.12), we obtain the following family of so- 
lutions to the diffusion equation (4.1) subject to boundary conditions (4.2): 


_ortnt — (ree 
6,(2,t) =< 2? sin Tse a a eae (4.13) 


As before, any linear combination of members of this family is a solution 
to (4.1) subject to (4.2). 


Step (d) 
Finally, we form the infinite linear combination 
) ee a 4.14 
t)h= L in { —— . 
(21) = Do Be STF sin (F*), (4.14) 


and use the initial condition (4.3) and results on Fourier series to determine 
the coefficients B,. Setting t = 0 in Equation (4.14) gives 


O(«;0) = 28: sin (=) : 
r=1 


The function f(a) used in initial condition (4.3) is the same as that used 
in Section 3, hence we arrive at the same values for the coefficients B,, and 
the solution is therefore 


8d [ _omt | (na 1 _9ant | (3rx 
Bt) = =) c “LT? sin (=) ge T? sin (=) 


1 _ 25a77t Sree 
—e TL? sin| —]-.---]. 
Now, as promised earlier, let us see how to amend our solution to cover the 


case where Oo # 0, i.e. where the boundary conditions are 


@(0,t) = O(L,t) =O, t>0. 


*Exercise 4.2 
Consider the diffusion equation 
#0 _ 190 
Or? a Ot’ 
subject to boundary conditions 
60,4) }=0(2,1) = 65, +20, 
where Op ¥ 0, and initial condition 
O(7;0) =f), Dee < L, 
for some function f(z). 
(a) Show that the function O(x,t) = Oo satisfies the differential equation. 


(b) Use the principle of superposition, Equations (4.13) and the result from 
part (a) to obtain a family of solutions to the differential equation sub- 
ject to the boundary conditions. 


(c) Explain how you would go on to obtain a solution that also satisfies the 
initial condition. 
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4.2 The convecting rod problem solved 


In this subsection we shall look briefly at how Procedure 3.1 can be used to 
solve the following model for the convecting rod: 


ae 100 = ; 

aS a (4.15) This is the equation obtained 

Ox* a Ot in Exercise 2.4, with Og = 0. 
subject to boundary conditions 

C0) =] 844) =0, 220, (4.16) 
and initial condition 

r” O< es 5L, 
O(a,0) = 4.17 
(c=) b (4.17) 


7 (b- 2); sL<a<L. 


Exercise 4.3 


Perform Steps (a) and (b) of Procedure 3.1 to begin the process of solving 
the above model for a convecting rod. 


Exercise 4.3 shows that the function X satisfies the equation 
AP eX SO, with XO) —=xz(L)—o, 
while T satisfies the equation 
T’ +a(k? +)T =0. 
Step (c) of Procedure 3.1 leads again to k = r7/L, for any integer r, and 
then to the family of solutions for X given by 
X,(x) = Bsin (=) , r=1,2,3,..., (4.18) 


where B is an arbitrary constant. 


Exercise 4.4 
Solve the differential equation 


T' +a(k? +)T =0. 


Putting k = r7/L, for any positive integer r, into the solution to Exercise 4.4 
gives the family of solutions 
ren 


- +y)t 
T,(t) = Ae o( i ) PUB (4.19) 


where A is an arbitrary constant. 


Combining families (4.18) and (4.19), we obtain the following family of so- 
lutions to Equation (4.15) subject to boundary conditions (4.16): 


2 2 ) 
-a( F-+y]t 
O.(¢.5) =e “(% : sin (), es ae 


As before, any linear combination of members of this family is a solution 
to (4.15) subject to (4.16). 
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In Step (d) of Procedure 3.1 we write 


rn 


= -o( SF +) TTL 
O(a, t) = 5 Bre sin (7) 5 
r=, 
and setting t = 0 gives 
= Te 
O(x,0) = oe sin (=) ; 
r= 


This is exactly the same as in the three previous cases, so we arrive at the 
same values for the coefficients. Therefore the solution is 


oP) in (22) Lee) in (82) 


25° L 
8d _ ant 1 _ 9an?t 
= —e 0m c L? sin (=) _ 9° Ll? gin (F) 
1 _ 2ban?t 5 
+ ane ~~ sin (==) --| ; 


This is the same as the solution for the insulated rod except for the e~°” 
factor, so the convecting rod cools more quickly than the insulated rod by 
a factor of e~°%, 


End-of-section Exercises 


*Exercise 4.5 


Apply Steps (a) to (c) of Procedure 3.1 to the diffusion equation 


vO 100 
Ox? Ot’ 
subject to boundary conditions These boundary conditions 
ade ae model the situation where the 
—(0,t) = —(L,t)=0, t>0, ends of a hot rod are 
Ox Ox ~ insulated. 
and initial condition 
2d F 
Fas, O0<2 < gle, 
O(2;0) = bd 
7 (E- 2), gL <aX<lL. 


Explain how you would go about applying Step (d) of the procedure, but 
do not attempt to find the Fourier coefficients needed for the solution that 
satisfies the initial condition. 
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Exercise 4.6 
Consider the diffusion equation 
OQ 100 
Ox2 a Ot’ 
subject to boundary conditions 
O(0,¢) = 69, OC(L,t)=O0z2, t2 0, 
where 0 and Oy, are non-zero constants, and initial condition 
O70) =f(2), Omak, 
for some function f(z). 
(a) Show that the function 
L-& 
L 
satisfies the differential equation and the boundary conditions. 


O(2,1) = 


x 
Oo + laa 


(b) Obtain a family of solutions to the differential equation subject to the 
boundary conditions. 


(c) Explain how you would go on to obtain a solution that also satisfies the 
initial condition. 


5 Interpreting solutions 


This computer section revises some of the ideas in the previous four sections, 
and allows you to observe and interpret the solutions to problems modelled 
using the wave equation and the diffusion equation. 


You are asked to use the computer algebra package to solve problems of the 
type considered in Sections 1—4, and to explore the solutions graphically. 
You will be able to see how changes to boundary and/or initial conditions 
affect the solutions, and you will be asked to interpret what you see. 


Use your computer to complete the following activities. 


Section 5 Interpreting solutions 


These boundary conditions 


model the situation where the 


ends of the rod are kept at 
fixed temperatures. 
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Activity 5.1 


This activity concerns the damped wave equation model for transverse vibra- 
tions of a taut string, of mass M = 0.000 25 kg, equilibrium length L = 1m, 
horizontal tension T’ = 100 N and damping coefficient ¢« = 0.01, given by 


Pu 1 (du Ou s FL _ 
ae +2 , where ct = — This is Equation (1.5). 


ae” ~ at M’ 
subject to the boundary conditions 

w0,¢) =u bt)=0; £2 0, 
and the initial conditions 


ule0)= fia), O<a2<Z, 


a 
GD =), 0<2<L, 
where 
3d 
—rz, 0<a<$l, 
f(a) = 3 2 
3d 


—(L—a), 4L<a<lL. 


Take the maximum displacement d = 0.1 m. 


(a) Solve the problem, and determine the angular frequency w, period 7 and 
frequency 1/7 of the vibrations. 

(b) Obtain a plot of u(x,t) against x for a number of values of ¢ in the range 
0 <t< 27 and for ¢t = 107, 1007, 10007, 100007, 1000007. Interpret 
what you see in terms of the vibrations of the string. 

(c) Obtain a contour plot of u(x,t) for0 <a < Land0<t< 2r. Interpret 
what you see in terms of the vibrations of the string. 


Activity 5.2 


This activity concerns the diffusion model for a uniform cylindrical steel rod 
of mass M = 2.5kg, length L = 1m, radius R = 0.01 m, cross-sectional area 
A= 7(0.01)? © 3.142 x 1074 m?, density p = M/(AL) ~ 7.958 x 10°? kgm73, 
thermal conductivity « = 63 Wm! K~! and specific heat c = 420 Jkg-! K~!. 


The rod is subject to convection from its surface so that the model is given 
by 
OQ 100 
Ox2 a Ot 
where a = KAL/(Mc) = k/(cp), and y = hS/(KAL), where h = 10Wm-?K~! 
is the convective heat transfer coefficient and S$ is the surface area of the 
rod (in m?). The rod is subject to the boundary conditions 


@(0,t) = O(L,t)=0, t>0, 


70, This is Equation (4.15). 


and the initial condition 
2d 
ya 
2d 


7 (h-2), gL <a<L. 


Take the maximum temperature difference d = 50°C. 


vie O0<a<sl, 


Nile 


O20) = 


72 


Outcomes 


(a) Solve the problem. 


(b) Obtain a plot of O(#,t) against x for a number of values of t in the 
range 0 < t < 10000, including t = 0, 10, 100, 1000, 3600, 5000, 10 000. 
Interpret what you see in terms of the change in temperature of the rod. 

(c) Obtain a contour plot of O(z,t) for0 <a < Land 0 <t < 3600. Inter- 
pret what you see in terms of the change in temperature of the rod. 


Outcomes 


After studying this unit you should be able to: 

e understand how the wave and diffusion partial differential equations can 
be used to model certain systems; 

e determine appropriate simple boundary and initial conditions for such 
models; 

e find families of solutions for the wave equation, damped wave equation, 
diffusion equation and similar homogeneous linear second-order partial 
differential equations, subject to simple boundary conditions, using the 
method of separating the variables; 

e combine solutions of partial differential equations to satisfy given initial 
conditions by finding the coefficients of a Fourier series. 
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Solutions to the exercises 
Section 1 


1.1 T is the magnitude of a force, so [T] = MLT~?. 
Also, [M] = M and [LZ] = L. Hence 
[TL/M] =MLT-* x L/M=L?T-?, 


so [,\/TL/M| =LT™1, as required. 


1.2 The initial displacement has two linear sections, 
with slopes 


d 3d d 3d 
T=T7 and -3y-=->, 
gh OU 3L 20 
respectively. Hence the required initial condition is 
d 
La O0<a<HL, 
L 3 
u(x, 0) = aA 
1 


1.3 The boundary conditions are satisfied since 
if 
u(0,t) = sin 0cos (=) =0, 


t 

u(L,t) = sin cos (=) =0. 
The initial condition is satisfied since 

O 

p(t) = ara sin (=) sin0 = 0. 
1.4 To deal with damping that varies with the square 
of the magnitude of the velocity, the equation needs to 
be modified to take the form 


O7u 1 (@u Ou | Ou 
a (3 “at | at 

The modulus sign is essential to ensure that the added 

force is always damping. (If we had written (Ou/0t)? 

instead, then the last term would always be positive, 

but we need it to take positive and negative values in 

accordance with 0u/J0t.) 


The product of velocities in the last term means that 
the equation is not linear. 


1.5 The initial velocity is zero, so the string is released 
from rest. When x = 3L, u(x,0) = —d, so the point 
one third of the way along the string has been displaced 
downward by a distance d. 


1.6 Initially there is no displacement, so 

u(z,0)=0, O<a<L. 
Since only the middle third is set in motion, the initial 
velocity is given by 


0 v, 4L<a< 22, 
B=. otnerwice 
Ot 0, otherwise. 
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Section 2 


2.1 Since the rod is uniform with length L and cross- 
sectional area A, it has volume AL. Hence the density 
is given by M/(AL). Replacing this expression by p 
gives 


_ KAL _f& 
Mc cp 
2.2 a - Peis - cos (=), 
so 58 =o EE sin (™) = -Toa.p, 
and ve = aes sin (=) = 2 6(2,1), 
2 2 
thus _ = —50(2,t) — _ 


Hence Equation (2.3) is satisfied. 


The boundary conditions are 
art 
e(0,t) =e L? sind =0, 


art 
O(L,t)=e TL? sinx =0, 
so these are satisfied for a temperature at the rod ends 
of Oo = 0. 
2.3 The graph in Figure 2.3 looks just like the picture 


of the plucked string in Figure 1.5, so the required for- 
mula is 


2d 
OQo+—2, O0<a<1L, 
L 2 
f(z) = re 
Oo + =(L—2), sL<a<lL. 


As required, this function takes the value Og when x is 


0 or L, and takes the value 09 + d when z is sL. 


2.4 The rate of change of heat energy given by (2.1) 
must be equated with the rate of change due to con- 
duction minus the rate of loss due to convection, given 
by (2.2) and (2.6), so we have 


eA (Fete +oe.0 a) HOUR (Gln i100) 


Ox L 
a Mcoz ue t) 
~ Fe x,t). 


Dividing by 6a, taking the limit as 6% — 0 and rear- 
ranging, we obtain 

mle) 100 

Faz) = a Opn) + ¥(O(x,t) — Qo), 
where a = KAL/(Mc) and y= hS/(KAL). 


2.5 As before, a = &/(cp). In this case, A = mr? and 
S = 2rrL, so 

hS — 2nmrLh _ 2h 

KAL «ar?L Kr’ 


QO), 0<a< sL, 
2.6 O(2,0)=¢ O1, gL <a< ZL, 
Qo, ZL<a<L. 


Section 3 
2 
3.1 a = X’(x) cos(wt), = = X"(x) cos(wt). 
2 
au = —wX (x) sin(wt), — = —w X (2) cos(wt). 


3.2 The equation defines simple harmonic motion, 
with general solution 


X(x) = Acos (=) + Bsin (=) j 


where A and B are arbitrary constants. 


3.3 The boundary conditions are 

u(0,t) = X(0) cos(wt) = 0, 

u(L,t) = X(L) cos(wt) = 0, 
both of which hold for all t. The only way that this can 
happen is if 


3.4 The solutions model the transverse vibrations 
about the equilibrium position of a taut string released 
from rest. They have initial displacements given by the 
graphs of the functions u;(x,0), ue(a,0) and u3(z,0), 
which are the sine curves shown in Figure 3.1. 


3.5 For the solution 


( t) : TTL crmt 
Ur(xz,t) = sin | —— } cos ‘ 
L L 


we have 
Our crim TTL crmt 
7 aaa as A ca a A 
xe) 
Our 
At (x,0) =0 
Thus the initial condition (3.3) is satisfied, for each r. 
Ou , 
3.6 a X(x)T'(t), 
Ou 
— = X(x)T" (t 
= XT"), 
Oru ii 
= T(t 
oo = X"(2)T (2) 


Solutions to the exercises 


3.7 The second equation is 
1 /(T"(t) T(t) 
2, — 
2 ry tne) = 
which on rearranging becomes 
T” +2cT’ —c*uT =0. 


3.8 When p = 0, the differential equation becomes 
X" = 0, with solution 

X(xz) = A+ Ba, 
for constants A and B. The boundary conditions 
X(0) =0 and X(L) = 0 become 

A=0 and A+BL=0. 


It follows that A = B = 0, and again the only solution 
is the trivial solution u = 0. 


3.9 When u(x,t) = ayui(z,t) + ague(z, t), 
eu 8 


ax? => Ox? (ayu1 t aguz) 
O07 U1 O07 ue 
~ aga 7 Be 
= 1 07 ui 1 07 ue 
~ A og 2 BE 
Oo? 1 Ou 
= 2 pp + agu2) = 2 OR’ 


so the linear combination also satisfies the differential 
equation. Similarly, the given conditions lead to 


u(0,t) = au, (0,t) + agu2(0,t) = 0, 
u(L, t) = ayui(L, t) + ague(L,t) =0 


and 
Ou Our Oug = 
Ot (250) ay at (x,0) + a2 at (x, 0) = 0, 


showing that the linear combination u = ay,u, + agu2 
satisfies the same conditions. 


3.10 Step (a) Setting u(x,t) = X(x)T(t), the re- 
quired partial derivatives are 
O7u Ou 
ax? =X"T and BE = XT". 
Step (b) Substituting into the partial differential 
equation and dividing by XT gives 
x qT" 


xX = c 0; 
from which it follows that 

xX! vu 

Xx T" 
Both sides of the equation must be a constant, say 1, 
giving 

xX" aad 


—= and —— = 
; ak a: 
or, equivalently, 

X"—yp~X=0 and T’+ypT=0. 
The boundary conditions become X(0) = X(1) = 0. 
Arguing as in the text, only negative jy gives a non- 
trivial solution for X. Hence we can write pp = —k?, 
and the two equations become 


X"+4+k?X=0 and T”—-kT=0. 
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Step (c) The equation for X has general solution 
X(x) = Acos(kx) + Bsin(ka). 
In order to satisfy the boundary conditions, we must 


have A= 0 and k = rz for some integer r. So there is 
a family of solutions 


X,(x) = Bsin(rmxz), r=1,2,3,.... 

The equation for T has general solution 
T(t) = ae™ + Be-™. 

Using the allowed values for k, we have the solutions 
Pitveae fer" 921,93 .5..% 

Thus the required family of solutions is 


uy(x,t) = sin(rmx)(ae™™ + Be"™), 


Section 4 


4.1 If you write the equation as 

T’ = —ak’T, 
then you can see that the general solution is a negative 
exponential of the form 

T(t) = Ae~°*"?, 


where A is an arbitrary constant. 


4.2 (a) Since the function O(z,t) = Oo is constant, 
all its derivatives are zero, and the differential equation 
reduces to 0 = 0 and so is satisfied. 


(b) We know that O(x,t) = Oo and 
ar? nt 
O,(z,t)=e" L? sin (=) , STS, 


are solutions to the diffusion equation (4.1). Therefore, 
by the principle of superposition, so are 


ar? nt 
O,(#,t)=Oo+e LT? sin (=) : 


r=1,2,3,.... (S.1) 
Furthermore, each of these also satisfies the bound- 
ary conditions O(0,t) = O(L,t) = Op, since the second 
term in each is zero when x = 0 or x = L. Therefore 
Equations (S.1) comprise the required family of solu- 
tions. 


(c) To find a solution that satisfies the initial condi- 
tion, we consider a solution of the form 


or? nt TTL 


O(a, t) = Oo+ ae L? sin (=) ; (S.2) 
r=1 


where we include 09 only once, to ensure that the 
boundary conditions are satisfied. Setting t = 0, we 
obtain 


a TTL 
O(x,0) = 9 B, sin | —). 
(x, 0) ot Dd sin (7) 
So to satisfy O(2,0) = f(x), we need to obtain the 
Fourier sine series coefficients B, for the function 
f(x) — Qo. Substituting these coefficients in Equa- 
tion (S.2) then gives the required solution. 
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r=1,2,3,.... 


4.3 Step (a) Set O(z,t) = X(x)T(t). Then 
vo _, a0 
be? =X'°T and OL = XT". 


Step (b) Equation (4.15) becomes 
1 
X"T = —XT' 4+ yXT, 
a 
and dividing by XT gives 
xX 1 Bs 
xX awl 
Again, a function of x is equal to a function of t, so 
both must be constant. Choosing the constant to be 
pp = —k?, as before, the equations become 
X" 4 k?X =0, 
T' + a(k?+7)T =0. 
The boundary conditions reduce to 
X(0)=0 and X(L)=0. 


4.4 The general solution of the differential equation is 
T(t) = Ae“? +08, 


where A is an arbitrary constant. 


4.5 Step (a) We write O(z,t) = X(x)T(t), so 

00 mle) 00 

— =X’? 22=Xx"T = XT", 

Ox * Ox? 7 Ot 
Step (b) As in Subsection 4.1, we obtain the differ- 
ential equations 

X"—ypX=0 and T’-apT=0. 
We have 00/0x = X'T, so the boundary conditions be- 
come 


and hence 
X'(0) = X’(L) =0. 


Step (c) Consider the three cases pp = k? > 0, w = 0 
and yp = —k? <0. The former gives no non-trivial so- 
lutions. The second yields X” = 0 so that X(x) = 
Az+B. Then X’(0) =0 implies that A =0, and 
X'(L) = 0 gives nothing new, so that only a constant 
solution is possible. Finally for 4 = —k? the general 
solution to the equation for X is 

X(x) = Acos(kx) + Bsin(kza), 
so that 

X'(x) = —Aksin(kx) + Bkcos(kz). 
Using the boundary conditions, we find that B = 0, and 
A=0 or k=rmz/L for any non-zero integer r. This 
leads to the family of solutions 

X,(a) = Acos (=) rae oil eae ere 
where A is an arbitrary constant. Combining results we 
may write 


TTL 


X,(a) = Acos (=). r=0,1,2,3,.... 


As in Subsection 4.1, solving the differential equation 
for T leads to the family of solutions 


arnt 
T(t) = Be? , ~r=0,1,2,3,..., 
where B is an arbitrary constant. 
The family of solutions obtained by combining the fam- 
ilies for X and T is 


ar? nt 
O,(a,t) =e LT? cos (=) » £=0,1, 2,352.2 


(Notice that we need to include r = 0, for the member 
of the family that is a constant function.) 


The solutions to the partial differential equation subject 
to the boundary conditions are all the linear combina- 
tions of the members of this family. 


Step (d) To find the solution that satisfies the initial 
condition, we would write 


£2. ar? nt c 
(x,t) => Ape” TF? cos (=) (S.3) 
r=0 


and set t = 0 to give 


O(x,0) = S> Ar cos (=) 
r=0 


TRL 
= Ao + 3 Arcos ( L \ (S.4) 
Then we would use the results on Fourier cosine series 
from Unit 21 to find the coefficients A, that ensure 
that O(«,0), as specified in Equation (S.4), matches 
the initial condition for the problem. The solution is 
then given by Equation (S.3) using the coefficients A, 
so obtained. 


4.6 (a) For 
£ x 
O(a, t) = T 00+ FEL, 
we have 
ode) 0O 
Oet =0 and OL = 0, 


so that the differential equation reduces to 0 = 0 and so 
is satisfied. 


When «x = 0, we have 
L—0 
Oe(0,t) = =z a +0 = 0p, 
and when x = L, we have 
L-L L 
O(L,t) = ——0)+ -9O,=90 
(L, t) Eo + aes L; 
so the boundary conditions are satisfied. 


(b) Since O(a, t) = (L—2)O9/L4+ 2O,/L and Equa- 
tions (4.13) satisfy the diffusion equation (4.1), by the 
principle of superposition so must each of 


b= or? nt 
O,(a,t) = 700+ FOr te - sin (7), 


p= 1,253,292 (8.5) 
Furthermore, each of these also satisfies the boundary 
conditions, since the third term in each is zero when 
x=0or«=L. Therefore Equations (S.5) comprise 
the required family of solutions. 


Solutions to the exercises 


(c) To find a solution that satisfies the initial condi- 
tion, we consider a solution of the form 


L= ate arnt 
O(a,2)= 700+ FOL | > Be EF sin (=). 


L 
(S.6) 


ial 


Setting t = 0, we obtain 
L-« T = . Thx 
O(x,0) = 7 Oo + FOL | ae (=). 


and to satisfy O(x7,0) = f(a), we need to obtain the 
Fourier sine series coefficients B, for the function 
f(a) — (L-—2)00/L— «O,/L. Substituting these into 
Equation (S.6) gives the required result. 
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UNIT 23 Scalar and vector fields 


Study guide for Unit 23 


The material in this unit relies rather heavily on Units 4 and 12. In par- 
ticular, you will need to know how to calculate the partial derivatives of 
functions of two and three variables. The Chain Rule for differentiating 
such functions plays a significant role. You may also find it useful to review 
the gradient function grad f in Unit 12 and the use of polar coordinates for 
representing vectors in Unit 20. Other ideas developed in this unit include 
heat transfer, especially Fourier’s law (introduced in Unit 15), and vector 
fields (introduced in Unit 18). 


The sections are best studied in order. Sections 2, 3 and 4 are the most 
important, and conceptually demanding, sections. 


Vector calculus will be developed further in Unit 24, where many of the 
topics introduced in this unit will be applied, especially the vector operator 
‘del’ and the use of three-dimensional polar coordinate systems. 
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Unit 23 Scalar and vector fields 


Introduction 


In Unit 4 you saw how a physical quantity can be categorized as either a 
scalar or a vector, and we spent some time adding, scaling and multiplying 
vectors. In this unit we shall consider scalars and vectors that have different 
values at different points in a region of space. For instance, you know from 
practical experience that the temperature in a bowl of hot soup varies quite 
significantly from the middle to the edge of the bowl. The temperature de- 
pends on where in the soup it is measured. Temperature is a scalar quantity 
and the temperature distribution is an example of a scalar field. Similarly, 
the force of the Earth’s gravity on a body in space depends on where the 
body is in relation to the Earth. The direction of the force is always towards 
the Earth’s centre and the magnitude of the force depends on the distance 
of the body from the Earth’s centre. This dependence of force on position 
is an example of a vector field. 


The main focus of this unit, and the next, is the differential calculus of 
scalar and vector fields, i.e. the study of how scalar and vector fields vary 
from one point to another. Many physical laws are expressed in terms of 
the spatial variations of fields. One important example is the flow of heat 
by conduction. You will see that we can describe the spatial pattern of heat 
flow in a conducting material as a vector field. The rate of heat flow at any 
point is proportional to the negative of the temperature gradient. You will 
see in Section 3 that we can express this relationship as a vector form of 
Fourier’s law. 


Section 1 is a brief introduction to the properties of orthogonal matrices 
that we need in Sections 3 and 4. 


Section 2 introduces pictorial representations of scalar and vector fields, such 
as contour curves and vector field lines, and describes how we use functions 
of two or three spatial variables to represent, or model, scalar and vector 
fields mathematically. In Section 3 we extend the discussion of the gradient 
function of a scalar field from Unit 12. 


While most of the calculations are carried out using Cartesian coordinates, it 
is often easier to use other coordinate systems more suited to the symmetry 
of the problem. Section 4 introduces cylindrical and spherical polar coordi- 
nate systems for specifying points in three dimensions. We find expressions 
for the gradient function in each of these systems. 


The gradient function, and the associated vector operator ‘del’, are funda- 
mental tools of vector calculus: they are used to solve a range of physical 
and engineering problems, especially problems involving heat flow, fluid flow, 
dynamics and electromagnetism. 


1 Orthogonal matrices 


Later in the unit we shall study some very useful coordinate systems in three 
dimensions. However utility comes at a price, and some of the calculations 
involved in using these systems can be quite complicated. Fortunately, much 
of the complication can be removed by judicious use of matrix algebra, so in 
this short first section we study the properties of a particular type of matrix. 
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For bodies close to the 
Earth’s surface, we assume 
that the magnitude of the 
acceleration due to gravity is 
constant. 


You saw some simple 
examples of Fourier’s law 
expressed rather differently in 
Unit 15. 


These polar coordinate 
systems are generalizations of 
the plane polar coordinate 
system that you have used 
many times in this course. 


You will meet the gradient 
function again in Unit 24, in 
connection with ‘conservative’ 
forces. 


One way of defining a set of coordinates is by specifying three unit vectors 
to form a right-handed set. The set of Cartesian unit vectors i, j and k is 
one example, but there are other possibilities. In two dimensions you have 
already seen that plane polar coordinates correspond to the pair of unit 
vectors e,, eg. In order to relate the coordinates of a point in one system to 
those in another, it will be useful to have a systematic way of transforming 
the corresponding sets of unit vectors. 


In two dimensions we know from Unit 20 that 
e, = cosdi+ sin 6j, 
eg = —sin@i+cos6j. 


These equations can be written in matrix form as 


e,| | cos@ sin@| |i 

eg| | —sin@ cosé} |j 
and doing so enables us to see quickly how to express i and j in terms of e, 
and eg: 


i] | cos@ sin@ Te, 
j| | —sin@ cosé e4 
_ |cos@ —sin@| | e, 
~ |sin@  cos6| | eg} 
It is an interesting fact that the inverse of the matrix is the same as its 
transpose. 


Of course, matrices can be thought of in another context, as you saw in 
Unit 9: any 3 x 3 matrix represents a linear transformation of space. How- 
ever, the type of transformation we are concerned with here is rather special. 
A general linear transformation will alter lengths and angles, so the images 
of a right-handed set of unit vectors will usually be neither of unit length 
nor mutually perpendicular. In changing coordinates we wish to ensure that 
a right-handed set of unit vectors remains as such (which, incidentally, rules 
out reflections). It may help to think of the two sets of unit vectors as having 
arrowheads that lie on the surface of a unit sphere (of radius 1). It is not 
hard to see (though we shall not prove it) that any transformation taking 
one set to the other is simply a rotation of three-dimensional space about 
the origin. 


Figure 1.1 


So we concentrate on rotations. Consider a pair of points P; and P2, and 
their rotated images P, and P,. A rotation does not change the distance 
between two points, so the distance between P, and P> is the same as the 
distance between P; and P}. 


Section 1 Orthogonal matrices 


This is a new use of vectors in 
which the components of 
vectors are vector quantities. 


That is, a linear 
transformation fixes the 
origin and transforms lines 
into lines. 


This means that the distance 
between any two points is 
preserved. 


Here i, j and k form a 
right-handed set of unit 
vectors, and ej, eg and eg 
form another. 
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A similar remark applies to the angle between two lines — think of the 
angle between two straight lines /; and lg. After a rotation, the images i 
and is will be inclined at the same angle. In summary, a rotation preserves 
distance and angle. One consequence of this observation is that a rotation 
preserves the dot product. Since 


a+b = |a||b| cos, 


where @ is the angle between a and b, and since a rotation preserves each 
term on the right, a rotation must also preserve the dot product. 


Suppose the rotation is represented by the matrix A. Now take any two 
vectors v and w and form their dot product v-w. Since this is preserved 
by the rotation, we have v- w = (Av) - (Aw). Therefore 


v-w=Av-Aw 
= (Av)"(Aw) 
=v!'(ATA)w 
=v-(A’ Aw). 
Because this is true for any vector v, it must hold when v is, in turn, i, 
j and k. Thus the components of A’ Aw are the same as those of w, so 
A’ Aw =w. This is true for any vector w, so we are forced to conclude 


that A? A =I, the identity matrix. This confirms what we saw above in one 
case, namely that the inverse of the transformation matrix is its transpose. 


A matrix with the property A7A =T is called orthogonal. Any orthogo- 
nal matrix must preserve lengths and angles, since (according to the above 
argument in reverse) it preserves the dot product. 


Exercise 1.1 


What is the determinant of an orthogonal matrix? 


*Exercise 1.2 


Which of the following matrices are orthogonal? 


@ oa] @ Ks a © [5 4] 


In Exercise 1.1 you saw that the determinant of an orthogonal matrix is +1. 
However, the converse is not true: a matrix with determinant 1 may not be 
orthogonal, as you saw in Exercise 1.2(a). 

Exercise 1.3 


Construct a 3 x 3 matrix A which is not orthogonal, but such that 


det(A) = 1. 
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If the determinant of an 
orthogonal matrix is —1, then 
the matrix represents a 
rotated reflection, though we 
shall not prove this. 


Section 2 Scalar and vector fields 


2 Scalar and vector fields a 


ice bag S 
In this section we introduce scalar and vector fields, and use ideas from 20 
Unit 12 to show how they can be described mathematically. 


2.1 Scalar fields 250 


Figure 2.1 shows the steady-state temperature, in degrees Celsius, at differ- 
ent points of a square plate. Temperature is a scalar quantity and its value 
depends on where on the plate it is measured. The distribution of temper- 
atures on the plate is an example of a scalar field. If we define Cartesian jiu 

coordinate x- and y-axes as shown, then the variable O, representing the 

temperature, will be a function of x and y, ie. 0 = O(z,y). Another exam- 

ple of a scalar field is the atmospheric pressure distribution, in millibars, at Figure 2.1 

ground level over the UK at midday on a certain day, as shown in Figure 2.2. The function OS 6Ga)'e 
Atmospheric pressure is a scalar quantity and its value depends on where ,, example of a function of 
in the UK it is measured. The curves in Figure 2.2 are isobars and join up more than one variable, as 
places where the atmospheric pressure at ground level is the same. Each introduced in Unit 12. 
isobar is labelled with the value of the atmospheric pressure in millibars. 

The isobars in Figure 2.2 give an overall picture of the atmospheric pressure 


across the country. On weather maps, the 
pressure is usually given in 
millibars. The SI unit of 
pressure is the pascal (Pa). 
(1 bar = 103 millibars 
=? Pa =10°Nim-*.) 


400) 300 
e e 


av 


Figure 2.2 


If we choose London as an origin and set up a Cartesian coordinate system 
with the x-axis pointing East and the y-axis pointing North, then each place 
in the UK can be represented by its coordinates (x,y). The atmospheric 
pressure distribution can then be represented by a function of two variables 
P = P(a,y). Of course, atmospheric pressure varies over time. In this unit 
we shall consider only the spatial variations of scalar fields, not the time 
variations. 
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In each of the above cases, the variable representing the scalar quantity O 
or P is a function of the two coordinates x and y. These scalar distributions 
are examples of two-dimensional scalar fields, i.e. they are scalar fields on 
a two-dimensional domain. The steady-state temperature distribution in a 
room is an example of a three-dimensional scalar field. (The atmospheric 
pressure at a particular point in time is a three-dimensional scalar field, 
since it varies with altitude as well as with position. In Figure 2.2 only 
the ground-level pressures at midday are shown and so this is effectively a 
two-dimensional scalar field.) 


In any scalar field we have: 


e some scalar quantity (e.g. temperature); 


e aregion of a plane or a region of space, i.e. a domain, over which the 
scalar is defined (e.g. a flat plate or the interior of a room); 


e the values of the scalar quantity at all points of the region. 
The mathematical model of a two-dimensional scalar field is a function 


f(x,y) of two spatial variables. For a three-dimensional field, a function 
f(x,y, z) of three spatial variables is required. 


Definition 


A scalar field is a distribution of scalar values on a two- or three- 
dimensional region and is represented mathematically by a function of 
two or three spatial variables, respectively. 


The domain of the field is the given two-dimensional or three-dimensional 
region in which the field exists. We shall use the terms scalar field and 
function of two (or three) variables interchangeably, according to whether 
we want to emphasize the physical or the mathematical properties. 


Example 2.1 


The light intensity J in the region outside a spherical lamp of radius a, such 
as a light bulb, is inversely proportional to the square of the distance r from 
the centre of the lamp. The intensity 1 metre away from the centre is Ip. 
Specify a scalar field, as a function of three Cartesian variables, which models 
the light intensity in the space outside the lamp, and state the domain of 
the function. 


Solution 


The light intensity at a point a distance r > a from the centre of the lamp 
is I « 1/r?, with I = Ip when r =1 metre. Thus J = Ip/r?. Using a 
Cartesian coordinate system with origin at the centre of the lamp, we have 
r= (22 +y? + 2?)'/2, so the scalar field function is 


Io ( 2 2, ,2)1/2 

> SS r+y +2 > a) : 

ety te ( y ) 

The domain of the function is the statement in brackets, expressing the fact 
that the function describes light intensity in the region outside the lamp. MH 


Lay 2) = 


84 


Each point in the room, 
which can be located by three 
coordinates, has a 
temperature. 


Functions of two and three 
variables were introduced, 
and discussed extensively, in 
Unit 12. 


The domain of the 
atmospheric pressure field is 
the map of the UK. 


The intensity inside the lamp 
would be represented by a 
different function. 


Exercise 2.1 


A thin circular sheet of metal of radius R; (in metres) has a concentric hole 
of radius Rg (in metres) cut out of it (see Figure 2.3). The outer perime- 
ter is maintained at a constant temperature 0; and the inner perimeter is 
maintained at a constant temperature Og. At any point P on the sheet, 
specified by a position vector r measured from the centre, the temperature 


(in kelvins) is given by 
Ir 
1 : 
n( 


02-071 
In(R2/R) 

(a) Choose a Cartesian coordinate system with origin at the centre of the 
circular metal sheet and hence specify a function of x and y that mod- 
els the temperature. Describe the region of the plane over which the 
function is defined and state the domain. 


O=O0;,+ 


(b) Express the function found in part (a) in plane polar coordinates (r, ¢). 


2.2 Contour curves and contour surfaces 


The scalar fields in the previous subsection were presented in three different 
ways. For the first scalar field, of temperature on a plate as given in Fig- 
ure 2.1, we represented the field by showing the values of the temperature 
at a few points on the plate. For the second scalar field, the atmospheric 
pressure in the UK as shown in Figure 2.2, we represented the field by iso- 
bars (lines joining points at which the atmospheric pressure is the same) on 
a map of the UK. In both cases, the representation of the scalar field is 
not complete because, for instance, there is a temperature associated with 
every point of the flat plate, and not just the points shown in Figure 2.1. 
In the third mode, in Exercise 2.1 and Example 2.1, the scalar fields were 
represented by functions of two or three Cartesian variables. 


Of these modes of representation, the isobar example gives a good way of vi- 
sualizing the field pictorially. Figure 2.4 shows the temperature distribution 
(in degrees Celsius) over an unevenly heated flat plate similar to that shown 
in Figure 2.1. However, instead of giving the values of the temperature at 
different points as we did before, we have drawn curves through those points 
on the plate where the temperature is the same. Of course we cannot show 
all possible curves because that would require a curve through every point on 
the plate, so we choose certain values of the temperature. Then the curves 
give us a pictorial idea of the scalar field. So, for example, for each point on 
the curve AB the temperature is 300°C. For a temperature field, the curves 
are called isotherms and, in this example, we have drawn the isotherms for 
multiples of 50°C. In one part of the plate the isotherms are much closer 
together than those on the rest of the plate. The temperature is changing 
more rapidly in the region where the isotherms are close together. 


We now extend this pictorial representation for pressure and temperature 
to more general two-dimensional scalar fields. Suppose that we have a two- 
dimensional scalar field f(x,y), defined over a region R of the (xz, y)-plane. 
We can represent this scalar field pictorially by drawing curves in the (2, y)- 
plane through those points that have equal values of f. Figure 2.5, for 
example, shows four such curves where Cy, Co, C3 and C4 are constants. 
The curves that we have drawn are called contour curves. Each contour 
curve is labelled by a scalar value. 


Section 2 Scalar and vector fields 


Figure 2.3 


In this unit and in Unit 24, 
we use the notation (r, ¢) of 
Unit 4 for plane polar 
coordinates. 


Figure 2.4 


Figure 2.5 


The isobars in a pressure field 
are contour curves of equal 
pressure, and isotherms in a 
temperature field are contour 
curves of equal temperature. 
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For example, consider the scalar field 


flay) =a? +y? g 


defined over the rectangular domain —1 <a <1, -2<y<2 (see Fig- a f=3 


ure 2.6). The contour curves are defined by Loi f=2 


f(x,y) = constant, 


or, in this case, 


get y” = constant. 


These curves are circles centred on the origin and are drawn as parts of circles 


within the rectangular region for which f is defined. Figure 2.6 shows the Ps 


contour curves a | 
foes), sewn=2. feo=2 sanv=4 


Again we cannot draw all possible curves, only some of them. 


Figure 2.6 


Definition 


The family of curves given by f(x,y) = C, for different values of the 
constant C’, are the contour curves of the two-dimensional scalar 
field f. 


*Exercise 2.2 


Sketch the contour curves f(z, y) = 5, fay) = —4 and f(x,y) =1 ofthe For this exercise, you may 
wish to use the computer 
algebra package for the 
course. 


scalar field f(x,y) = xy, defined over the domain x? + y? < 4. 


You are probably familiar with the word ‘contour’ from Ordnance Survey or 
other topographical maps, where the contour curves join points that are at 
the same height above sea level. The contours can give us information about 
the shape of the land. Figure 2.7 provides an example, where the contour 
curves join points at the specified number of metres above sea level. See if 
you can answer Exercise 2.3 just from the contour curves in Figure 2.7. 


\ [ 
0 20 
0 . 
10 


nee. 


—10 
—20 


a (60 5049 30 29 
ee 


Figure 2.7 
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*Exercise 2.3 
(a) Where would you expect to find (i) a hill and (ii) a lake? 
(b) Where is the land fairly level? 


(c) Imagine that you set off from A and walk in the direction of the arrow. 
Would you expect an easy walk or a hard climb? 


Exercise 2.3 illustrates an important feature of a scalar field that can be 
deduced from its contour curves. For any scalar field, the change in value of 
the field depends on the direction in which you move. For example, if you 
set off from B in Figure 2.7 and walk in the direction of the arrow, then, 
initially, the field values will not change (you are contour walking). However, 
for movement as in Exercise 2.3(c), which is approximately perpendicular to 
the contours, the scalar field changes (increases or decreases) with changing 
position. 


So far in this subsection we have considered two-dimensional fields. Now we 
turn our attention to three-dimensional scalar fields. 


We can represent a three-dimensional scalar field f(z,y,z) in an analo- 
gous way. If we join up points for which the three-dimensional scalar field 
f(x,y, z) has the same constant value C, we obtain the surface with equation 


f(z,y,z) =C. 


Definition 


The family of surfaces given by f(x,y, z) = C, for different values of 
the constant C’, are the contour surfaces of the scalar field f. 


Contour surfaces give a pictorial representation of a three-dimensional scalar 
field. For example, those of the scalar field I = Ig/ Ge +7? + 2°), given in 
Example 2.1, are concentric spheres with centres at the origin. Two of the 
contour surfaces, for I = Ip /4 and I = Ip/9, are shown in Figure 2.8. 


2.3 Vector fields ante 


i # 3 : 
Figure 2.9 shows the pattern produced when iron filings are placed near a oe 3 N es 
bar magnet. The iron filings align themselves in a symmetric pattern. The : - ” * 
same pattern is revealed if we place small compasses at various points near Mee ere 
the magnet. We find the arrow on each compass aligns itself in the same 
direction as the iron filings. The arrow shows the direction of the magnetic Figure 2.9 
field at each point. The magnitude of the field can also be measured and 
is found to decrease as we move away from the magnet. The lengths and ~<+e<+e 
directions of the arrows in Figure 2.10 represent the magnitudes and direc- » 
tions of the magnetic field due to the bar magnet at various points on a gv <0 
plane through the magnet. There is a unique vector called the magnetic ep e» [S Nl ee om 
field vector at each point in the region of space around the magnet, and r 


these vectors form a three-dimensional vector field. 


a 


<+o<+-e 
~<e 


Figure 2.10 
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Here is an example of a two-dimensional vector field. The arrows in 
Figure 2.11 represent the surface velocity at various points on a river. 


Figure 2.11 


The surface velocity at a particular point is the velocity that a small floating 
object, such as a leaf, would have at that point. Near the river banks, the 
water is almost at rest, so the arrows are shorter in length (indicating a 
smaller speed near the edges of the river). At each point on the river surface 
there is a unique velocity, thus defining a two-dimensional vector field of 
velocity vectors on the surface. If we were interested in the velocity below 
the surface as well, we should need to consider the velocity vectors existing 
at points in the three-dimensional region forming the river itself and this 
would be a three-dimensional vector field. 


In any vector field we have: 

e some vector quantity (e.g. a surface velocity); 

e a region of a plane or a region of space, i.e. a domain, over which the 
vector is defined (e.g. the surface of a river); 

e the magnitudes and directions of the vectors at all points in the region. 

We can model a two-dimensional vector field mathematically by introducing 

a vector function F such that a vector F(z, y) is defined at each point (2, y) 

of a two-dimensional domain. In three dimensions, F(x, y, z) is a vector at 

each point (x,y,z) in a three-dimensional domain. 


Definition 


A vector field is a distribution of vectors on a two- or three-dimensional 
region and is represented mathematically by a vector function of two 
or three spatial variables. 


The domain of the vector function is the given region of a plane or of space 
in which the field exists. We shall use the terms vector field and vector 
function interchangeably, depending on whether we want to emphasize the 
physical or mathematical properties. Often we use the name of the physical 
quantity itself, such as force field, velocity field or magnetic field. 
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We assume the flow is steady. 
It is not changing with time. 


You met the idea of a vector 
field in Unit 18. 


Example 2.2 


The Earth’s gravitational field is an example of a vector field in space. The 
gravitational force on a body (i.e. the weight of the body) on or above 
the Earth’s surface and at a distance r from the centre of the Earth has 
magnitude inversely proportional to the square of the distance r and is 
directed towards the Earth’s centre. Specify the vector field as a function 
of three Cartesian variables with the domain over which it is defined. 


Solution 


The vector quantity is the gravitational force F acting on the body due 
to the Earth’s gravity. We introduce a Cartesian coordinate system with 
origin O at the centre of the Earth. The magnitude F' = |F| is proportional 
to 1/r?, so 


C C 
FS, y;2) = 2 = E? + yy? + 22” 


for some constant C. The gravitational force on a body at P (see Fig- 
ure 2.12) is —F'r, where r is a unit vector in the direction from O to P. 
Now fr =r/|r|, where r = zi+ yi+ zk is the position vector of P, so 


zi+yj+ zk 
Jretpte 


Thus the vector function we need is 


T2952) = 


—C(ai+ yj + zk) 

(x2 + y2 4 22)3/? © 

The domain is the region over which the vector field F is defined, i.e. the 
region of space on or outside the Earth’s surface, specified by 


(x? Seg? Seg ye = i. 
where R is the radius of the (spherical) Earth. lf 


F(z, y, z) = =F G9, 2) r(x, y, a) = 


The components of a vector field F, relative to a given Cartesian coordinate 
system, are themselves scalar fields defined over the same region as F. Thus, 
if F is a three-dimensional vector field defined on a domain D and 


F(x, y, 2) _ Fi(z,y, z)i + F(x, y, z)j + Plz, Y; z)k, 


then, separately, the three components Fi (x,y,z) = F-i, Fo(az,y,z) =F -j 
and F3(x,y,z) = F-k are scalar fields defined on D. For example, the 
ax-component of the vector field F in Example 2.2 is the scalar field 

—C2r 
(x? + y? + 27)8/2 


Fi(a,y,z) =F-+i= (G + y4 22> R) 


*Exercise 2.4 


The weight F of a body of mass m inside the Earth (e.g. in a mine shaft) 
has a magnitude given by mgr/R, where r is the distance from the Earth’s 
centre and R is the Earth’s radius. The direction of F is towards the Earth’s 
centre. Express F as a vector function F(z, y, z) using the same Cartesian 
coordinate system as in Example 2.2. What is the weight of the body at the 
Earth’s centre? 


Section 2 Scalar and vector fields 


Figure 2.12 


At the surface of the Earth, 
where the magnitude of the 
acceleration due to gravity is 
measured as g, this field can 
be approximated by the 
constant-magnitude vector 
field F = —mgr, where m is 
the mass of the body, so 
C= mgR?. 


Alternatively, we could use 
the column vector notation of 
Unit 9 for vector fields and 
write a vector field in three 
dimensions as 


B(g,432) = 
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Unit 23 Scalar and vector fields 


You studied steady-state heat transfer by conduction in Unit 15. The pat- 
tern of heat flow in a conducting material is another example of a vector 
field. When the magnitude and direction of the heat flow vary from place 
to place in a conductor, the heat flow rate per unit area at a point P in the 
conductor is a vector J whose direction is the direction of the heat flow at P. 
The magnitude of J is the rate at which heat flows across a very small plane 
surface containing P and oriented at right angles to the direction of flow, 
divided by the area A of the surface (see Figure 2.13). So |J| is the heat 
flow rate per unit area at P and has units of joules per second per square 
metre (ic. Js-'m~?, or Wm”, since 1 watt (W) = 1Js~!). (The vector J 
is called the heat flow vector or the heat conduction vector.) To define |J| at 
P formally, we take the limit as the area A of the plane surface approaches 
zero, that is, 


heat flow rate across surface area A 
a : 


Figure 2.14 shows a selection of arrows representing a heat-flow vector field J 
in a cross-section of a wall of a heated house. Shown also are vertical lines 
representing the scalar temperature contours. These lines are the intersec- 
tions of the temperature contour surfaces with the plane of the figure. The 
contours are labelled by the temperature, in degrees Celsius, for the case 
where the inside surface is 20°C and the outside surface is 6°C. Hence Fig- 
ure 2.14 depicts two fields: a scalar (temperature) field and a vector (heat 
flow) field. As in Unit 15, it is assumed that the temperature has a different 
constant value on each face of the wall and that the wall is homogeneous. 
Then the vector J has the same magnitude and direction everywhere inside 
the wall. (In the notation of Unit 15, |J| = q/A.) 


|J| = lim 
A-—0 


If we draw continuous curves in the domain such that, at any point, the 
tangent to the curve is parallel to the direction of the vector field at that 
point, then the curves are called the vector field lines of the vector field. 
For instance, the orientation of iron filings near a bar magnet suggests a 
family of continuous curves. Two such curves are shown in Figure 2.15. The 
arrow on a vector field line specifies the sense, i.e. the direction along the 
line, of the vector field. If we draw a curve showing the path of a leaf floating 
on the surface of a river, then, at each point on the path, the tangent to the 
path is parallel to the direction of the velocity vector of the leaf. This line is 
a vector field line for the velocity vector field. If we were to show the vector 
field lines of the heat flow vector J in Figure 2.14, they would be at right 
angles to the temperature contour surfaces shown as lines in that figure. 


*Exercise 2.5 


Figure 2.16 shows the cross-section of a long cylindrical central heating pipe 
carrying hot water. The heat flow vector J in the metal of the pipe is given 
(in the steady state) by 


Citas 
Hey2)= LGD (a < VTP Sd), 
xr +y 
where a, b and C are positive constants, and the z-axis is the central axis of 
the pipe. 
(a) Specify the z-component of J. 
(b) Describe the vector field lines of J. 


(c) How does the magnitude |J| vary with distance p = \/a? + y? from the 
z-axis? 
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(d) Consider an imaginary cylindrical surface of length h with its axis on 
the z-axis and radius p such that a < p <b. By making use of your 
answers to parts (b) and (c), show that the rate at which heat flows 
outwards across the whole curved surface of this section of the cylinder 
is independent of the radius p. What does this result mean in terms of 
conservation of heat energy? 


Note that although the vector field J of Exercise 2.5 exists in three dimen- 
sions, its z-component is zero and there are no variations in the z-direction. 
The field could therefore be represented by a two-dimensional vector func- 
tion 
I(c,4) - Aa) 
u+y 


(ax V2? +y?2 <b). 


End-of-section Exercises 


Exercise 2.6 


The density o of air is 1.205kgm~? at sea level. Assume that o decreases 
exponentially with altitude and is reduced to (1.205/e)kgm~° at an alti- 
tude of 9.5 x 10° metres. Assuming the Earth’s surface to be flat, choose 
a Cartesian coordinate system and hence express the density o as a scalar 
field o(x,y,z). What shape are the contour surfaces? 


*Exercise 2.7 


When a long thin straight wire carries a uniform surface distribution of static 
positive electric charge, the electric field vector E at any point outside the 
wire has magnitude |E| inversely proportional to the perpendicular distance 
from the centre of the wire and a direction pointing directly away from the 
wire. Introduce a Cartesian coordinate system and hence specify the vector 
field E(x, y,z). Take |E| to be the constant Eo at unit distance from the 
wire. Describe the vector field lines. 


3 Gradient of a scalar field 


An important property of any field is the way in which the field value changes 
from one point to another. These spatial variations can be quite complicated 
even for a scalar field, since the change of field value in going from a point P 
to a nearby point Q may depend on the direction as well as the magnitude 
of the displacement PO. Consider Figure 3.1, which shows three contour 
curves of a scalar field f. The change in f is 7 — 6 = 1 when the displacement 
PQ, is made and about 5.5 — 6 = —0.5 for a displacement PQ, of the same 
magnitude as PO, but in a different direction. We shall show in this section 
that the way in which a scalar field varies in any direction can be found from 
the gradient function, which was introduced in Unit 12. There is a gradient 
function at each point in a scalar field and so the gradient function is a 
vector field. 


Section 3 Gradient of a scalar field 


Applied mathematicians and 
physicists often need to know 
how a quantity ‘e-folds’, that 
is, they need to know the 
distance (or time) in which 
the quantity reduces to 1/e of 
its original value. 


Describing the wire as ‘thin’ 
implies that it has negligible 
radius. It is just a straight 
line. 


Figure 3.1 
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In Unit 12 you saw how to use the gradient function to find the magnitude 
of the steepest upward slope at a point on a surface (and the direction in 
which that steepest slope occurs). The gradient function for a general two- 
dimensional scalar field f(,y) was expressed in terms of partial derivatives 
of f. You also saw in Unit 12 how the gradient function can be used to 
calculate slopes in arbitrary directions. In Subsections 3.1 and 3.2 we review 
those ideas and later, in Subsection 3.3, we consider how the expression for 
the gradient function can be generalized to three dimensions. 


Subsection 3.4 discusses the vector differential operator called ‘del’, which 
plays a unifying role in vector calculus. Finally, in Subsection 3.5, we see 
how to define the operator ‘del’ in plane polar coordinates. 


3.1 Gradient function 


A two-dimensional scalar field f(x,y) is defined only in the (2, y)-plane. 
This leaves the z-axis of the coordinate system free for showing the scalar 
values f, i.e. we can put z = f(x,y). Thus the set of points (2, y, f(x, y)) is 
a surface above (or below) the (z, y)-plane, giving a graphical picture of the 
scalar field. In general, the surface (x, y, f(x, y)) is a graphical representation 
of the scalar field f and shows how f varies with position in the (2, y)-plane. 


Consider a general two-dimensional scalar field f and a path in the (z, y)- 
plane parametrized by the arc length s, i.e. as s varies, the point (x(s), y(s)) 
moves along the path in the (x, y)-plane. The height z of the surface will also 
vary as 8 varies, i.e. z = z(s). The rate of change of z with s at a point P in 
the (x, y)-plane is the slope or steepness of the surface for movement in the 
direction of the path, i.e. it is the vertical rise of z over a small horizontal 
change in arc length 6s in the direction of the path at P and is given by the 
Chain Rule, which we can write as 


dz Ofdx Of dy 
ds Oxds  Oyds’ 


where all the derivatives and partial derivatives are to be evaluated at P. 


(3.1) 


Let us first consider a small change in length along the path at P in the 
(x,y)-plane. Since it is small, we can take it to be in the direction of the 
tangent to the path at P, a direction given by a unit vector d, say, as shown 
in Figure 3.2. If a is the angle at P between d and the positive direction of 
the z-axis, then cosa = dx/ds and sina = dy/ds, and Equation (3.1) may 
be rewritten as 

< = sa, b) cosa@+ sa b) sina, (3.2) 
where we have shown explicitly that the partial derivatives are to be evalu- 
ated at the point P whose coordinates are (a,b). While the angle a depends 
on the direction of the path at P, the partial derivatives in Equation (3.2) 
are independent of any particular path through P, and depend only on the 
scalar field f and the coordinates (a,b) of P. We can take advantage of this 
by using the gradient function, in the (z, y)-plane at the point (a, b): 

of of 


grad f(a,b) = 5 (a.b)i+ 5 (abhi 


The unit vector d may be written in terms of a@ as 


d = (cosa)i + (sin a)j. 
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You met ‘del’ in Unit 12, in 
conjunction with the gradient 
function. 


You saw examples of such 
surfaces in Unit 12. 
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Figure 3.2 


In Unit 12 you met the 
alternative notation Vf for 
grad f, but we shall postpone 
using that notation for 

grad f until we have defined 
V in Subsection 3.4. 


Section 3 Gradient of a scalar field 


So we can now write Equation (3.2) as a dot product of grad f(a, b) and d, 


n~n 


“ = grad f(a, b)-d = |grad f(a, b)| cos 8, 


S 


(3.3) 


where @ is the angle between grad f and d, as shown in Figure 3.3. 


You can see from Equation (3.3) that dz/ds, the slope or steepness of the 
surface (the graph of f), has its maximum value (when cos @ = 1) for move- 
ment parallel to the (x, y)-plane in a direction d that coincides with the 
direction of the gradient function. Then cos@ = 1 and we have 


d 
(FE). = |grad f(a,b)|. 


Hence the direction of the gradient function at (a,b) shows the direction of 
maximum slope of the surface and the magnitude of the gradient function 
is equal to the magnitude of the maximum slope. 


There is such a vector at each point in the (x, y)-plane and so grad f(z, y) 
is a vector field, often written simply as grad f. In terms of the Cartesian 
unit vectors, we define it as follows. 


Definition 


The gradient in Cartesian coordinates (x, y) of a two-dimensional 
scalar field f is the vector field 


Of. Of. 


grad f = ant — By" 


(3.4) 


Thus, to find the gradient function at a particular point, it is necessary 
to find the two partial derivatives at that point and substitute them into 
Equation (3.4). 


The function f in the definition can represent any two-dimensional scalar 
field. For example, suppose O(z, y) is the temperature field of a flat plate in 
the (x, y)-plane. Then grad @ is a vector parallel to the plane of the plate 
pointing in the direction in which the temperature increases most rapidly 
with distance and |grad O| is the value of the maximum rate of temperature 
change with distance. 


The gradient function of a two-dimensional scalar field f(x,y) is always 
parallel to the (x, y)-plane. It is a vector having only i and j components. 
You can think of it as lying in the (a, y)-plane, or you may prefer to imagine 
it positioned at the point (x,y, f(z, y)) and lying in a plane parallel to the 
(x, y)-plane. Equation (3.3) shows that we can use the gradient function to 
work out the slope, or steepness, dz/ds of a scalar field for movement in any 
direction parallel to the (a, y)-plane. This slope is the derivative of f in the 
specified direction. 


Definition 


The derivative of a scalar field f in a direction specified by a unit 
vector d is given by 


grad f- d. 


The dot product of two 
vectors a and b was defined 
in Unit 4 as 

a-b= |al |b] cos 9, 
where @ is the angle between 
a and b. 


YA grad f(a,) 
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Figure 3.3 


This definition is the same as 
that given in Unit 12, but 
expressed in terms of fields. 
As the gradient is a vector 
field, i.e. a vector function, it 
is sometimes referred to as 
the gradient function. 


For a temperature field 
measured in degrees Celsius, 
the slope has units of degrees 
Celsius per metre, i.c.°Cm7!. 


This derivative is often 
referred to as a directional 
derivative or slope, the latter 
being particularly apt for a 
two-dimensional scalar field. 
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3.2 Calculating gradients 


We can calculate gradient vectors of two-dimensional scalar fields f(x, y), 
and derivatives in specified directions, by using the two definitions above. 


Example 3.1 


Evaluate grad f at the point (0,1) when f(2,y) = In(z+ 2y). Determine 
the magnitude of grad f and the unit vector in the direction of grad f at 
the point (0,1). What is the derivative of f in the direction of the unit 


vector d = (i+ j)/v2 at (0,1)? 
Solution 


The vector field grad f is found from the first partial derivatives of f, 
of 1 Of 2 


Ox x+2y’ Oy «+2y 
So, from Equation (3.4), 


1 2 
df= i i. 
oa (sa) + (sta) 


This is the gradient vector field. Putting = 0 and y = 1, we have, at the 
point (0,1), the gradient vector grad f = zi + j. The magnitude of grad f 
at (0,1) is |grad f| = (¥ + 1)!/2 = 5/2. The unit vector in the direction 
of grad f at (0,1) is Ni = grad f/|grad f|. Hence i = (i+ 2j)//5. The 
derivative of f in the direction of d is given at (0,1) by the dot product 
grad f-d=3/(2V2). 


*Exercise 3.1 


Evaluate grad f at the point (—1,2) when f(x,y) = xy. Find the derivative 
of f in the x-direction at (—1, 2). 


Example 3.2 


Evaluate grad f at the point (1,2) when f(x,y) = 2?+y?. Show that the 
direction of grad f at (1,2) is normal to the tangent line to the contour 
curve of f at the point (1, 2). 

Solution 


The first partial derivatives of f and their values at the point (1,2) are 


Of _ of 7 
an 2” Bz b2) = 2, 
Of _ of _ 
Thus, from Equation (3.4), 
en ee 
grad f(1,2) = By he 2)i+ By (25 = 2i+ 4j. 


The contour curves are obtained by setting f equal to a constant and are 
circles centred on the origin. The contour curve through the point (1,2) is 
shown in Figure 3.4, together with the tangent line and the normal to the 
tangent line through (1,2). The position vector of (1,2) is i+ 2j and this 
is normal to the tangent line. But grad f(1,2) = 2i+ 4j = 2(i+ 2j). Hence 
grad f(1,2) is normal to the tangent to the contour curve at (1,2). I 
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Figure 3.4 
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Section 3 Gradient of a scalar field 


It is true generally that the gradient function at a point is normal to the 
tangent line to the contour curve at that point. This is clear from Figure 3.5, 
which shows a contour curve f(x,y) = C passing through a point P, anda a 
unit vector € on the tangent line at P. The scalar field f does not change P 
along the contour curve, so the derivative of f in the direction tangential 

to the contour curve is zero and we must have grad f - € = 0 at P. Hence 

grad f must be normal to é. 


contour curve fiz,y) =C 


Figure 3.5 
*Exercise 3.2 


Find a vector whose direction is normal to the curve 2? — 27y + y? = 9 at 
the point (0,3). 


(Hint: The curve is a contour of the scalar field f(x,y) = x2 — 2ry + y?.) 


3.3 Gradient function in three dimensions 


You have seen that, for a two-dimensional scalar field f(x,y), we can use 
the z-axis for showing the scalar values z = f(x,y) and so construct the sur- 
face (x,y, f(z, y)). When we have a three-dimensional scalar field f(z, y, z), 
such as the temperature distribution in a room, all three spatial coordinates 
(x,y,z) are needed to specify the domain of the function and there is no 
‘fourth spatial dimension’ for showing the function values. However, we can 
still consider a parametrized path in space and use the Chain Rule in three 
dimensions to give the rate of change of f along the path. Proceeding as 
before, we find that the derivative of f(x,y, z) in the direction of d, a unit 
vector tangential to the path, parametrized by the arc length s at a point 
(a, b, c) is 
a = grad f(a,b,c)- d, 
where the three-dimensional vector 


_oaf, , ... Of, , ., OF 
grad f(a, b, c) — Bn b, c)i a By” b, cj + Bz h b, c)k 


is the gradient vector of f at the point (a,b,c). 


There is a gradient vector at each point in the domain of f, so grad f isa 
vector field in three dimensions. 


Definitions 


This gradient in Cartesian coordinates (x,y,z) of a three- 
dimensional scalar field f is the vector field 


OF co OF 
grad f = shi 4 sai ane (3.5) 


The derivative of f in a direction specified by a unit vector dis given This derivative may also be 
by referred to as the directional 
derivative. 


grad f- d. 


In three dimensions, the gradient vector at a point is always normal to the 
tangent plane to the contour surface passing through that point. 
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Example 3.3 
Consider the scalar field f(a, y,z) = —C/(a? + y? + 27)'/?, where C is a 
positive constant. Show that the gravitational vector field F = —Cf/r?, 


where f is a unit vector in the direction of the position vector r = «i+ yj+ zk 


and where r = |r| = \/x? + y? + 22, can be expressed in terms of f by the 
relationship F = — grad f. 


Solution 
We have 
—C 
f L,Y, 2) = ’ 
( ) (x2 + y2 + 22)1/? 
so 
Of _ Cz Of _ Cy 
Ox (g2+y2+4 22/9/27? Oy (a2 + y2 + 22)3/?’ 
Of | Cz 
Oz (42 + y2 4 22)3/2 
Thus, from Equation (3.5), 
edie C(vityjt+zk) _ CT | 
(x2 + y2 + 22)3/2 2 + y? + 72 


where r = vi+yj+zk. Hence — grad f is the vector function describing 
the gravitational vector field F = —CT/r?. 


In Example 3.3, a vector field F is a scalar multiple of the gradient of a 
scalar field f. Scalar and vector fields that are used to model physical quan- 
tities in the real world are often related in this way. A similar relationship 
holds between the heat flow vector field J and the gradient function of a 
temperature field O in a heat-conducting material. This relationship is the 
vector form of Fourier’s law, which you first met in Unit 15, and is given by 


J = —xKgrad 0, (3.6) 
where & is the thermal conductivity of the material. 


To see the connection between this vector form of Fourier’s law and the 
scalar form of the law that you saw in Unit 15, consider the case of steady- 
state conduction through a uniform slab of thickness 6 and cross-sectional 
area A. Figure 3.6 shows a cross-section of the slab with the vertical lines 
representing the contour surfaces of O (in °C) and the arrows representing 
the heat flow vector J at various points. The steady-state temperature in 
the slab falls linearly from the warmer surface in the plane x = 0, at a tem- 
perature OQ,, to the cooler surface in the plane x = b, at a temperature Ob. 
(The case 0; = 20°C and O2 = 0°C is shown.) Thus, inside the slab, we 
have the temperature field 


O(x,y, 2) = 0; ~ (01 - O2) 5 (O< 2 <b), 


SO 


b 


If q is the total rate of heat flow through the slab, which is constant in the 
steady state, then J = (q/A)i. Substituting into Equation (3.6) gives 
_ KA(O1 — O2) 
b ? 
which is the equation for steady-state heat conduction obtained in Unit 16. 


grad 0 = — (a5) i. 
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The vector field F was 
considered in Example 2.2. 
The complete specification of 
the scalar field f would 
include a statement of the 
domain, (x? + y? + 27)1/2 > R, 
where R is the radius of the 
Earth. We often omit the 
domain statement for 
convenience. 


temperature @ (°C} 
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Figure 3.6 


|\J| is the rate of heat flow 
across a unit area 
perpendicular to the direction 
of flow. 


*Exercise 3.3 
Evaluate grad 0 at the point (—1,1,0) for the temperature field 


DoD said 
O(x,y,z) =A-— Bln (=e), 


a 


where A, B and a are positive constants, and \/x? + y? > a. 


You have seen examples in which a vector field is equal to a constant multiple 
of the gradient of a scalar field. However, note that not all vector fields can 
be obtained as gradients of scalar fields. 


3.4 Gradient as a vector operator 


We can write the partial derivative 0f/Ox of a scalar field f as (0/0zx)f, 
where the symbol 0/0z is a differential operator. The operator acquires 
meaning only when given an operand on its right-hand side, i.e. a function f 
on which to operate. Thus the differential operator 0/Ox acts on a scalar 
function f to give another scalar function Of /Ox. 


Consider the quantity i0/0x. This, too, is a differential operator. It acts 
on a scalar function f to give the vector function (i0/0x)f =idf/0x. For 
example, when f(x,y, z) = x? — 2xy? + z, we have the vector function 


(10/0) f =iOf /Ox = i(3x? — 2y”). 
The operator i0/0z is an example of a vector differential operator. 


Consider the expression for grad f in Equation (3.5). We can write it as 


OP 8) 8 
i (iZ +I5, +e) f 


where the quantity in brackets is a vector differential operator commonly 
known as del (or nabla in some texts) and denoted by the bold symbol V. 


(3.7) 


Definition 

The vector differential operator del is denoted by V and in Cartesian 
coordinates is given by 

0 


V=i : 
* Oz 


@ ..0 
pa 


5 (3.8) 


We can now write the gradient function of f as grad f or as Vf, i.e. 
grad f = Vf. 
This use of ‘del’ may appear to be nothing more than a notational device. 


However, as you will see later, this vector differential operator takes on the 
significance of a powerful unifying concept in vector calculus. 


Section 3 Gradient of a scalar field 


A scalar field of this form can 
be used to model the 
temperature distribution in 
the wall of a conducting 
cylindrical pipe with its axis 
along the z-axis and inner 
radius a (as in Exercise 2.5). 
The pipe carries hot water at 
temperature A. 


We shall return to this topic 
in Unit 24. 


The symbol V was 
introduced in Unit 12. 


We used the alternative 
notation for the gradient 
function in two dimensions in 
Unit 12. In two dimensions 
the third component of V is 
redundant, and we have 
.O Od 
V=i ae +j Eo 
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Example 3.4 
Find the vector field Vf, where f is the scalar field 
f(x,y, z) = 2? — 2az. 


Solution 
Vf is the same as grad f. Hence, using Equation (3.7), 
a) a) 0 
= ° . k BY 9 
vi (iZ Tey ™ =) " a 
= i(2% — 2z) +j(0) + k(—2z) 
=2(c-—z)i-2ck. Hf 


Finally, notice that we can use matrix notation to write the operator del as 


O 

Ox 

eet Ot. % 3 
Y="), 4a a j k] 2 (3.9) 

Oz 


This idea is useful when we need a formula for del in other coordinate 
systems, as you will see in the next subsection. 


3.5 Gradient function in plane polar coordinates 


It is sometimes more convenient to express a scalar field in terms of polar y 
coordinates (r, 0). (One example is when the field is symmetric under ro- 
tations about the origin, so it has the form f(r).) In order to calculate the er 
gradient of a field in these coordinates we need an expression for grad f in 

polar coordinates. The first step is to recall from Section 1 how the polar 


€¢ 


unit vectors e, and eg are related to the Cartesian unit vectors i and j: Jj 

e, = cos i+ sin @j, @Q 

eg = —sin 0i+ cos 0j, O i z 
or, in matrix form, Figure 3.7 


e,| | cos@ sin@} |i 

eg|  |—sin@ cos@} |j| 
We can express i and j in terms of e, and eg by inverting this orthogonal 
matrix, obtaining 


i] _|cos@ —sin@| |e, 
j| | sinO ~~ cosé}] }eg]’ 
of 


O 
Now we use the Chain Rule from Unit 12 to calculate OF in terms of — 


Or Ox 
Of 


and Aa The form of the Chain Rule we need is 
y 


Of _ Of da , Of oy 
Or OxOr  OyOr 
But since « = rcos@ and y = rsin@, we have 


Ox 


Oy, 
Bp — 0084 and ap 7 ane. 
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Hence 
Of Of. Of 
PO a mane gt 
ar cos 0 Aa + sin By’ 
and since this is true for any function f, we have 
O 6) O 
—= —+sind—. 
De 8 0 Au + sin Sy 


*Exercise 3.4 
fe) 


0. : 
Derive a similar expression for — in terms of r, cos6, sin@, — and —. 
fel Ox Oy 


These two pieces of information may be summarized in matrix form as 
; (2) 
Z _ cos@— sin@ | | da 
ad | |—rsin@ rcosé} | 2 | ° 
06 oy 
Although the matrix is not orthogonal (because of the presence of 1), it can 
be inverted to give 


2 a cos? —tsind & 
Z sin 0 £ cos 0 ai 


Now we can immediately write down the formula for del in plane polar 
coordinates, since 


v=1 31/3 


Oy 
_ [(|{cos@ —sin@] | e, * | cose —tsind 
— sinO  cos@| | eg and ul cos8 
| 


slider — bese 7 


1 


sin@ cos sinO  =cosé 


ti 


| : 
_ fer] | cos 8 | on | ] 
eg —sin@ cos@] | sing * cos 0 i 
Sy |e 1] 
e9 0 F11Z 
2 a6 cs (3.10) 


*Exercise 3.5 
Find the gradient vector at a point (r,@) of the scalar function given by 


f(r,0) =r? — 2rcos 6. 
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End-of-section Exercises 


*Exercise 3.6 
For f(x,y, 2) = x*y*z? find: 
(a) the maximum value of the derivative of f at the point (—1,1,1) and the 
unit vector that specifies the direction in which this maximum occurs; 
(b) the derivative of f at the point (2,1,—1) in the direction of the unit 
vector d = 3i + +k. 


*Exercise 3.7 


Consider the scalar field f(a, y, z) = en ala? +y")— be where a and bare positive 
constants. Show that 


Vf = —(2a(zi + yj) + dk) f, 
and evaluate Vf at the origin. Find the z-component of Vf (1, 2,3). 


Exercise 3.8 
A two-dimensional scalar field has the form f(x,y) = (a? + y?)!/?. 
(a) Find the vector field grad f and evaluate grad f at the point (1,1). 


(b) Specify the unit vector dat g to the positive x-direction and at 3 to the 


positive y-direction. What is the derivative of f in the direction of d 
at (1,1)? 


*Exercise 3.9 


Determine the vector field gradg, where g(x,y) = x2y — y?x. Find the 
magnitude and direction of the steepest slope on the surface z = g(x,y) at 
the point (1,1). 


4 Three-dimensional polar coordinate 
systems 


Often the first step in solving a problem is to choose an appropriate coor- 
dinate system, one that will express the problem in the simplest possible 
form. This may involve choosing the origin and the orientation of a Carte- 
sian coordinate system. On the other hand, there are many problems for 
which other types of coordinate system are more appropriate. For example, 
in Unit 20 you saw how useful a plane polar coordinate system can be for 
problems involving circular motion. 


This section introduces two non-Cartesian coordinate systems, which are 
especially useful for representing three-dimensional fields that have cylin- 
drical or spherical symmetry. Such symmetries are usually easy to recog- 
nize. A three-dimensional scalar field has cylindrical symmetry when the 
field values depend only on the distance from a fixed straight line. If we 
call this line the z-axis, then the field depends only on the single variable 
p=/«x2+y?. The scalar field of Exercise 3.3 is an example of a cylin- 
drically symmetric field. A three-dimensional scalar field has spherical 
symmetry when the field values depend only on the distance from a fixed 
point, which may be taken as the origin. The light intensity field I of Ex- 
ample 2.1, which varies only with r = ,/x? + y?+ 22, is an example of a 
spherically symmetric field. 
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4.1 Cylindrical polar coordinates 


A cylindrical polar coordinate system extends the familiar plane polar coor- 
dinates (r,@) to three dimensions. The coordinate r is now labelled p, since 
it represents the distance from the z-axis (rather than from the origin). The 


z-coordinate of the Cartesian coordinate system provides the third variable, 
to give the following system. 


Cylindrical polar coordinates 


Any point P can be represented by the triple (p,0,z), where z is the 
distance of P from the (, y)-plane and (p, 6) are the plane polar coor- 
dinates of the projection N of P onto the (x, y)-plane (see Figure 4.1). 
Cylindrical polar coordinates are related to the Cartesian coordinates 
(x,y, 2) by 

z=pcosd, y=psind, z=2z, 4.1) 

p= ety), 
We require that 


sinOd=y/p, cos0=a/p. 


p>0, -7t<d0<_7, zeER. 


The value of 6 for points on the z-axis (p = 0) is undefined. By con- 
vention, we put 6 = 0 for such points. 


In three dimensions we use the symbol p for the distance \/x? + y? from the 
z-axis. The symbol r is reserved for the distance \/x? + y? + z? from the 
origin. 

In Cartesian coordinates, the surfaces + = constant, y = constant and 
z = constant are planes. In cylindrical polar coordinates, the surfaces 
p = constant (> 0) are circular cylinders with axis the z-axis and radius p 
(see Figure 4.2). The surfaces 0 = constant (4 0) are half-planes that do 
not contain the z-axis (see Figure 4.3). The surfaces z = constant are planes 
perpendicular to the z-axis (see Figure 4.4). 


half-plane 


lind @ = constant 
cylinder 
p = constant ~ 


Some texts continue to use r 
in place of p. 


P 
e 
| 
| 
ly 
O : 
PP ¥ 
Q are 
xe ON 
Figure 4.1 


The convention in this course 
is that the angle @ is 
measured anticlockwise from 
the x-axis and is in the range 
—17 <@< 7. In some texts 
the range of @ is taken as 
0<6< 2n. 


plane 
z = constant 


Figure 4.2 Figure 4.3 Figure 4.4 
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Example 4.1 


(a) All the z-values remain unchanged. The first column of Table 4.1 gives 
the Cartesian coordinates of four points. Determine the cylindrical polar 
coordinates of these points and hence complete the table. 


Table 4.1 
Cartesian coordinates Cylindrical polar coordinates 
(x,y, 2) (p, 9, 2) 
(5,0, 0) 
(0,5, 0) 
(—3, 3, 2) 


(1, V3, 3) 


(b) Express the scalar field 


ax (x? + y? +3) 
iD amas Se 


in cylindrical polar form and determine, if possible, the field value at 
us 


the point where p = 4, @= 3 and z = 2. 


(2? +y? >0, a>1) 


Solution 


(a) All the z-values remain unchanged. The first two points are both at 
a distance 5 from the z-axis and lie in the (2, y)-plane, so p = 5 and 
z =0 for both of them. The angle @ is measured in the (x, y)-plane 
anticlockwise from the z-axis (see Figure 4.1), so 6 =0 for the first 
point and @ = 4 for the second point. 


The third point is at a distance ((—3)? + 32)!/? = 3/2 from the z-axis, 
so p = 3/2. The angle @ is in the second quadrant of the (a, y)-plane 
30 


and has the value ==. More formally, we could use Equations (4.2) to 


obtain p = ((—3)? + 37)1/? = 3/2, cos = —378 and sin @ = a from 


which 6 = ra 


Using Equations (4.2) for the fourth point, p = (1? + (V/3)?)!/? = 2, 


cos? = - and sin? = v3 from which 6 = 3. 


So the entries for the second column of the table are 
(5,0,0), (5,%,0), (32, 87,2), (2, 2,3). 
(b) Using Equations (4.1), we see that 2? + y? + 3 = p? (cos? 6 + sin? 4) +3 
=p? +3 and x/ (x? + y?) = (pcos 6)/p? = (cos @)/p. Hence 
(p? + 3) cos 6 
p 


First we confirm that the point with cylindrical polar coordinates (4, 3, 2) 
is within the domain of the function. It clearly satisfies p > 0 and z > 1. 
No condition is explicitly placed on 0, so we assume that @ can have any 
value within its range. Thus the point is within the domain of f and 


(4? + 3) COS 3 49 
4 Ss" 


f(p,9, 2) = (o> 0,2> 1). 


f(4, 3,2) = 
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*Exercise 4.1 
Consider the scalar field 
A(p, 9,2) = (cos(Fz)) /p (p>0,-1<z< 1). 
(a) Describe, in geometric terms, the domain of the function. 


(b) Determine, where possible, the values of A at points P, Q and R on the 
positive xz-, y- and z-axes, respectively, each at unit distance from the 
origin. 

(c) Determine the value of \ at all points on a circle of radius 2, with its 


centre on the z-axis, in the plane z = i 


The cylindrical polar coordinate system can also be used to represent vector 
fields. However, before we can do this, we need to specify a set of three unit 
vectors in cylindrical polar coordinates that play the same role as i, j and k 
in Cartesian systems. Figure 4.5(a) shows three mutually perpendicular unit 
vectors at a point P with cylindrical polar coordinates (p, 6, z), as follows. 


e The unit vector e, at P points in the direction of increasing p, i.e. per- In the plane polar coordinate 

pendicularly away from the z-axis at P. notation (r,@) of Section 1 
and Subsection 3.5, the unit 
vectors e, and eg are e, and 
eg, respectively. 


e The unit vector eg at P points in the direction of increasing 9, i.e. tan- 
gential to the circle through P and centred at (0,0, z). 

e The unit vector e, is the same as the Cartesian unit vector k, i.e. it is 
in the positive z-direction. 


ZA 
e: ae 
aie ieee P, eg 
| &p 
I 
O *2 
oP | u 
e ee I 
fis oN 
(a) (b) 


Figure 4.5 Unit vectors e, and eg lie in a plane parallel to the (a, y)-plane, 
with e, pointing away from the z-axis and eg perpendicular to e, in the 
direction of increasing 0. 


You can see from Figure 4.5(b) that these unit vectors are related to the 
Cartesian unit vectors in the following way. 


Cylindrical polar unit vectors and Cartesian unit vectors 


The cylindrical polar unit vectors e,, eg and e, can be expressed in 
terms of the Cartesian unit vectors i, j and k as 


€, = icos#+jsin@ = eee 
Vf x2 + y? 
-_ ' —yit aj 
eg = —isin# + jcosé = —_—., (4.3) 
Vz? + y? 
e, =k. 
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We can write this information more economically in matrix form as 


Ep cos@ sind O rT 
eg | = | —sin@ cosé 0 j 
e, 0 0 1 k 


The matrix is orthogonal, so its inverse is its transpose 


i cos? —sind 0 ep 
j| = |sin@  cos@ 0] |e (4.4) 
k 0 0 1 e, 


Unlike the Cartesian unit vectors, the cylindrical polar unit vectors e,, e9 
and e, are not all constant vectors, since the directions of e, and eg depend 
on the position of P. In other words, e, and eg are non-constant vector 
fields. 


Since the cylindrical polar unit vectors are mutually perpendicular at each 
point, we have the following definition. 


Cylindrical polar components 


A vector F can be expressed in terms of the cylindrical polar unit 
vectors €,, eg and e, as 


F = Fe, + Foeg + Fez, 


where F, =F -e,, Fg = F- eg and F, =F -e,. The scalar quantities 
F,, Fg and F, are the cylindrical polar components of F. 


Example 4.2 
Consider the vector field 
F(z,y,2) = a (a< Ve +P <b), 
where a, b and C are positive constants. 
(a) Express this vector field in cylindrical polar coordinates. 


(b) Assuming that C = 1, a = 2 and b = 4, determine the magnitude and di- 
rection of the vector field at the point (3, 7,7). What are the cylindrical 
polar components of F at this point? 


Solution 


(a) We can write 


F(2,y, 2) 2 (a< Vr +y <b). 


oft ty ety 
Thus, using Equations (4.2) and (4.3), 


F(p,0,2)= ep (aS ps0). (4.5) 


(b) From Equation (4.5), the magnitude of the vector field at (3,7,7) is 
|F(3, 7, 7)| = |C/p| = 3 and the direction of the vector field is given 
by ep, i.e. in the direction perpendicularly away from the z-axis through 
the point. Again from Equation (4.5), the cylindrical polar components 
of F at (3,7,7) are F, = 5 and fy =F, =0. 
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4.2 Grad in cylindrical polar coordinates 


If we are given a scalar field f in cylindrical polar coordinates, we can work 
out the vector field grad f without first having to convert the cylindrical 
polar coordinates into Cartesian coordinates. In order to do this, we need 
an expression for grad f in terms of partial derivatives with respect to the 
cylindrical polar variables. We start by finding relationships between 0/0p, 
0/00, 0/0z and 0/0x, 0/Oy, 0/0z. This is done easily using the Chain Rule. 


First we recall the relationship between Cartesian coordinates and cylindri- 
cal polar coordinates from Equations (4.1): 


x=pcos?, y=psind, z=z. 
Now applying the Chain Rule gives, for any function f, 
Of OxOf  OyOf  dzdf 
Op Opd0x OpOdy Opdz 
Of Of 


Ee Pen 


. Ss 
since — = 0. 


Op 
We deduce that 


a) 0 uA 
a = cos 6 Tens 
Similarly, we can find an expression for 0/00: 
Oo OF eo . OY O 0x0 
06 O000x Obd0y OJ00z 


= ne + er 
Ox 


Oy 
Fortunately, there is no additional work for 0/0z because 
o- @ 
Oz Ox 
We can write these three operator equations in matrix form as 
oO . mek This is very similar to the 
oF coe 0 sin? 0 . operator equations derived for 
jo} — | —~Psin 8 pcosé 0 Oy plane polar coordinates in 
| oO | 0 0 i oO Subsection 3.5. 
Oz Oz 


This matrix is not orthogonal for p £ 1, but we can deduce that its inverse is 


cosé sind 0] cos 0 —< sind 0 


—psin@ pcosé 0 = | sind 5 608 4 0 
0 0 1 0 0 1 
This allows us to express 0/Ox, 0/Oy and 0/0z in terms of 0/0p, 0/00 
and 0/0z: 
& cos 6 = sind 0 Z 
a = | sind 5 cos@ 0 & (4.6) 
2 0 0 1) [2 
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Recall from Equation (3.9) that 


oO 
Log og oe de 
Oz 
Now from Equation (4.4) we have 
aia cos? —sin@ 0] |e, 3 
ij kK) =|y = sin? cos@ O} | eg 
k 0 0 1 e, 
cosé —sin@d 0]- 
= |e, eg e, | sin 0 cos? 0 
0 0 1 


Substituting for [0/Ox 0/dy 0/dz]" from Equation (4.6), we see that 


, a 
ese: ened: HT" 08d —< sind 0} | dp 
V = [ep eg e, | sin 9 cos@ 0 sin 5 608 6 0 SZ 
0 0 1 0 0 tl 
: a 
cos@ sin@ 0 cos 8 —4 sind 0 Bs 
= |e, eg e, | —sin@ cosé 0 sin 0 5 cos 6 0 si 
0 0 1 0 0 Ale 
) 
1 0 0 3p 
=| €, eg e,| 0 ; 0 & 
DF 1) 2 


Oz 


Performing the multiplication gives the required formula. 


Gradient function in cylindrical polar coordinates 


The gradient function in cylindrical polar coordinates of a scalar 
field f is 


Of 1LOF Of 


a Nims TO TT (4.7) 


where e,, eg and e, are unit vectors in the p-direction, 6-direction and 
z-direction. 


When the scalar field has cylindrical symmetry, the scalar field does not 
vary with 6 or z, so the equation simplifies to 


grad f =e, Aa (4.8) 


Example 4.3 


Consider the scalar field f(p, 6, z) = Inp (p > 0). Determine the vector field 
grad f. Specify the magnitude and direction of the gradient vector at a 
point 5 units perpendicularly away from the z-axis. Check your answer for 
grad f by expressing the scalar function f in Cartesian coordinates and 
using the Cartesian expression for the gradient function. 
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Solution 


We can use the form for grad f in Equation (4.8), since the function varies 
with p only. Hence the vector field is 


O 1 1 
grad f = Cpe =€, (<) = Pa (p> 0): 


At a perpendicular distance of 5 units from the z-axis, we have p = 5, so 
\grad f| = z. The direction of grad f is along the line perpendicularly out 
from the z-axis, passing through the point. 


Since p = (a? + y?)!/?, in Cartesian coordinates the scalar field is 
f(x,y, 2) = In((a? + y?)"?) = 51m (2? +y?). 
Hence, from Equation (3.5), as before, 


2u si; 2y, rit yj 1 
= il _ _ 
grad f=}(5 Git 5 i) = Gt =<, B 


*Exercise 4.2 


Consider the scalar field U(x,y, 2) = 1/(a? + y?), where x? + y? > 0. Find 
VU using the Cartesian form of the gradient function. Express U in cylin- 
drical polar coordinates and hence confirm your answer for the gradient 
function. Sketch some contour surfaces of U and vector field lines for V U. 


Exercise 4.3 


Determine the cylindrical polar components of the vector field grad f for 
the scalar field f(p,0,z) = (cos z)/p, where p > 0. 


4.3 Spherical polar coordinates 


In the spherical polar coordinate system, one of the three coordinates of any 
point is specified as the magnitude r of the position vector r of the point. 
Hence, for fixed r, all points with coordinate r lie on the surface of a sphere 
of radius r centred on the origin. To specify position on the sphere, two angle 
coordinates 6 and ¢ are used, based on the idea of locating a point on the 
Earth’s surface by giving the latitude and the longitude (see Figure 4.6(a)). 


(b) 


Figure 4.6 


The polar angle @ is a measure of latitude on the sphere, with @ increasing 
from ‘north pole’ to ‘south pole’, so 6 = 0 for points on the positive z-axis, 
6 = § for points in the (x,y)-plane and @ = 7m for points on the negative z- 
axis. The azimuthal angle ¢ is a measure of longitude on the sphere and 
is the same as the coordinate @ in the cylindrical polar coordinate system. 


The role of 6 here is different 
from that in cylindrical polar 
coordinates. Here ¢ denotes 
the angle @ used in cylindrical 
polar coordinates. In some 
texts the roles of 6 and ¢ may 
be reversed. The notation 
here matches that used in 
other Open University 
courses. 


It may help to think of ¢ as 
increasing ‘west to east’; 
compare Figures 4.5(a) and 
4.6(b). 
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Spherical polar coordinates 

Any point P (see Figure 4.6(b)) can be represented by the triple 
(r,0,¢), where r is the distance of P from the origin, and @ and ¢ 
are the polar and azimuthal angles, respectively. In Figure 4.6(b), NV 
is the projection of P onto the (x, y)-plane. The spherical polar coor- 
dinates of P are related to the Cartesian coordinates (x, y, z) by 


x= ONcos¢=rsin@cos ¢, 
y= ONsing=rsin@sin @, 


z=rcos6, There are explicit expressions 
for 6 and ¢ in terms of the 
= aiyige 2 2 
PSUR PY es other variables, but we do not 


We require that need them in this course. 


r>0, -7<@<am, 0<0<7. 


The surface r = constant is a sphere (see Figure 4.7). The surface 
6 = constant is a cone (see Figure 4.8), or a plane if @ = 4, or a half-line 
if 0=0 or 0=7. The surface ¢ = constant (4 0) is a half-plane that does 
not contain the z-axis (see Figure 4.9). By convention, only the half-plane 
@ = 0 contains the z-axis on its boundary. a 


half-plane 

z @ = constant 
z cone 
@ = constant 


sphere 
r= constant 


rc | 
Figure 4.7 Figure 4.8 Figure 4.9 


*Exercise 4.4 
Give the spherical polar coordinates of points with Cartesian coordinates: 
(a) (5,0,0); — (b) (0,5,0). 


The mutually perpendicular unit vectors for the spherical polar coordinate 
system are shown in Figure 4.10. They are related to the Cartesian unit 
vectors in the following way. 


Spherical polar unit vectors and Cartesian unit vectors 


The unit vectors e,, eg and eg can be expressed in terms of the Carte- 
sian unit vectors i, j and k as 


e, = isin@cos¢ + jsindsin d + kcos 8, Figure 4.10 
eg = icosécos @ + jcos Osin ¢ — ksin 8, (4.9) 
ey = —ising + jcos ¢. 


The directions of the unit vectors for the spherical polar coordinate system 
at a point P depend on the 6- and ¢-coordinates of P (but not on r). 
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Once again, this information is more compactly expressed as a matrix equa- 


tion 
e; sinécos@ sin ésin d cos 6 i 
eg | = | cosOcosd cos@sind —sind j 
E6 —sing cos @ 0 k 
and, since the matrix is orthogonal, we have 
i sindcosd sin@sind  cosé “Te, 
j | = |cos@cos@ cosPsing —sind eg 
k —sing cos 0 ey 
sindcos@ cos@cos@ —sing e,. 
= | sindsind cosésing cos @ eg]. (4.10) 
cos 6 —sind 0 eg 


Since the unit vectors e,, eg and eg are mutually perpendicular, we have 
the following definition. 


Spherical polar components 
A vector F can be expressed in terms of the spherical polar unit vectors 
e;, eg and eg as 

F = Fe, + Foeg + Fyeg, (4.11) 


where F, = F-e,, Fg = F- eg and Fg = F - eg. The scalars F,, Fy and 
Fy are the spherical polar components of F. 


*Exercise 4.5 
Specify the spherical polar components of the vector field 


F(r,6,¢) = * og (r > 0). 


Grad in spherical polar coordinates 


The gradient function can be expressed in spherical polar coordinates as The derivation is similar to 
(but more complicated than) 


that for cylindrical polar 
coordinates. 


follows. 


Gradient function in spherical polar coordinates 


The gradient function in spherical polar coordinates of a scalar 
field f is 


of lof 1 of 
Or lige 00 ee enh On i) 


where e,, €g and eg are unit vectors in the r-, 6- and ¢-directions. 


grad f =e, 


For spherically symmetric fields, in which the field values do not vary with 
0 or ¢, the gradient simplifies to 


grad f = ont (4.13) 
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Example 4.4 

Consider the scalar field expressed in Cartesian coordinates as 
mr 

(2? + y? + 2”) 

where Ip is a positive constant. Express this field in spherical polar coordi- 


nates and hence show that |grad V| = J, where J is the light intensity field 
specified in Example 2.1 as I = Ip/(x? + y? + 27). 


V(z,y,2) = ip ((2? +4? +27)? >a>0), 


Solution 
We know that 2? + y? + 22 =r?, so 
V(r,0,¢) =—Ip/r (r>a). 


The field is spherically symmetric, so we can use Equation (4.13) to obtain 


grad V =e, g (=) a8 e 


ae 
Or\ r r2 


Hence |grad V| = Ip/r? = Ip/(a? + y? + 2”), which is the light intensity 
field J of Example 2.1. 1 


*Exercise 4.6 


Specify the spherical polar components of the vector field grad V in Exam- 
ple 4.4. 


End-of-section Exercises 


Exercise 4.7 

(a) Describe the geometric shapes of the surfaces defined in a cylindrical 
polar system by the following. 
CG) p=2 (ii) 0= $F 

(b) Show that the cylindrical polar unit vectors e, and eg are mutually 
perpendicular. 
(Hint: Use the fact that the Cartesian unit vectors are mutually per- 
pendicular.) 


(c) Find the gradient of the scalar field F'(p,0,z) = pe~* at a point on the 
positive x-axis 5 units from the origin. 


Exercise 4.8 


(a) Describe the geometric shape of the surface defined in a spherical polar 
coordinate system by 6 = §. 

(b) Use Equation (4.9) to confirm that the spherical polar unit vector e,. is 
of unit magnitude. 


(c) Find the gradient in spherical polar coordinates of the scalar field 


U(2,y,z) = Va? +y? + 2? at the point (5, 4,7). Give your answer in 
terms of the Cartesian unit vectors. 
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By definition, r > 0. 


Outcomes 


Exercise 4.9 


Specify the cylindrical polar components of the vector field 


1 
u(p,0,z) = ee, aa pee 


Exercise 4.10 

Consider the scalar field 

M(3cos? 6 — 1) 
Fs 


V(r, 6, ¢) = 


(> 0). 


where M is a positive constant. Three points A, B and C have the following On the z-axis, where ¢ is not 
positions: A is on the positive y-axis 3 units from the origin, B has Cartesian defined, by convention we 
coordinates (0,0,1) and C has spherical polar coordinates (1, 7,0). have ¢ = 0. 
(a) Determine, where possible, the value of the scalar field V at the three 

points A, B and C. 


(b) If V(r, @, @) represents the potential energy of a particle at a point, then This result, relating force and 
the force acting on the particle at that point is given by potential energy, is obtained 


in Unit 24. 
F = — grad V. 


Determine the magnitude and direction of the force on the particle when 
the particle is at A. 


Outcomes 


After studying this unit you should be able to: 

e interpret and sketch contour curves for a given scalar field; 

e determine scalar field values at specified points for a given scalar field; 
e interpret and sketch vector field lines for a given vector field; 

e determine vector field values at specified points for a given vector field; 


e determine the gradient function of a scalar field and calculate the deriva- 
tive of a scalar field in a specified direction; 


e convert between the Cartesian coordinates of a point and the cylindrical 
and spherical polar coordinates of the point; 


e express a scalar or vector field in cylindrical or spherical polar coordi- 
nates, given the field in Cartesian coordinates. 
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Solutions to the exercises 


Section 1 


1.1 Since A? A =I, we have 
det(A” A) = det(A*) det(A) = 1. 
However, det(A’) = det(A), so the above becomes 
(det(A))? = 1. 
We can therefore deduce that det(A) = +1. (For ro- 
tations det(A) = 1, and the minus sign arises only for 
a reflection. We do not investigate reflections since we 
are concentrating on right-handed systems.) 


1.2 Ineach case we compute A? A and compare it with 
the identity matrix I. 


of TBE le 


1 1 1 
(b) - °] i a 
V2 V2 V2 V2 
2 0} |2 0 4 0 
(<) F 4 k lo i] at 
1 V3 1 V3 
2 2 2 2] _ 
2 2 2 2 
[ 29 S)[ 2° -2] 
(e) 01 0 0 1 0) =I 
| 0 1 FE 0 1 
Hence the matrices in (b), (d) and (e) are orthogonal 


and the others are not. 


1.3 There are many possible choices — in fact, in- 
2 1 O 

finitely many ways. One example is |1 1 OJ], which 
0 0 1 


certainly has determinant 1. However this matrix can- 
not be orthogonal because, when it is multiplied by the 
vector [1 0 0]7, the result is [2 1 0)", a vector of 
different length. 


Section 2 


2.1 (a) Let the Cartesian coordinate system be in the 
plane of the sheet with |r| = \/x? + y?. Then the scalar 


field function is 

(Og - O;) ln (v oe? + P/R1) 
In(R2/R1) : 
The scalar field is defined over the region of the sheet. 
So the domain of the function is Rg < \/x? + y? < Ry. 


(b) In plane polar coordinates, |r| = r, so the scalar 
field function is 


O(r, 0) => (on + 


O(z,y)=O14+ 


(Og = Q;) In(r/R1) 
In(R2/R1) : 
with domain Rp <r < R,. 
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2.2 The domain of f is the area of the plane inside 
and on the circle 2? + y? = 4 with radius 2. The con- 
tour curves are hyperbolae given by xy = C’, where C 
is a constant, or, equivalently, by y = C/a. The fig- 
ure shows the contour curves for C = 3, C= —; and 
C=1. 


RY 


2.3 (a) (i) There is a hill summit inside the 60 m con- 
tour. (ii) There might be a lake in the depression in 
the region of the —10m and —20m contours. 


(b) The land is fairly level in the vicinity of the Om 
and 10m contours, since the contour curves are widely 
spaced in this region. 


(c) Starting at A and walking in the direction of the 
arrow, you would soon experience a hard climb as you 
ascend the closely spaced contours leading to the top of 
the hill. Then there is a fairly gentle descent to the rela- 
tively level area, with a low point near the 0m contour, 
and finally a gentle climb. 


2.4 We have 
F= —( f) = —79r 


since rf = r, so 


F(x,y,2) = (ait yj + 2k). 
At the Earth’s centre, we have F(0,0,0) = 0. 


2.5 (a) The x-component of the vector field J is 
J,(2,y,2) =J-i= Cax/(2? +’). 


(b) The vector xi+ yj points perpendicularly away 
from the z-axis. Hence the vector field lines of J are 
directed radially out from the axis of the pipe. 


(c) The magnitude of J is given by 
IJ] = |C(ai + yi)/(2? + 9°)| 
= O(a? +7)" = C/p. 


Hence |J| is inversely proportional to p. 


(d) The rate of flow outwards is the outward flow rate 
per unit area times the area of the surface, i.e. 
|J|(2mph) = (C/p)(2mph) = 2nCh, 

which is independent of p. This means that heat energy 
is being conducted through the material of the pipe, 
from the water surface to the outside surface of the 
pipe, without any loss or gain of heat in the material of 
the pipe. 


2.6 Choose a coordinate system with the Earth’s sur- 
face in the (a, y)-plane and the z-axis pointing vertically 
upwards. Then o(2, y, z) = Ae~°*, for constants A > 0 
and a > 0. Knowing that o = 1.205 at z = 0 tells us 
that A = 1.205. We are also told that o = 1.205/e when 
z=9.5 x 103. This gives 1.205/e = 1.205e~0%9-5%10" 
from which a = 1/(9.5 x 103). Hence the scalar field is 


a(x, y, 2) = 1.2057 2/ (9-5 10°) 
The domain is z > 0. 


Since the field depends only on z, the contour surfaces 
are horizontal planes, i.e. z = constant. 


2.7 Introduce a Cartesian coordinate system with the 
z-axis along the axis of the wire. Then the mag- 
nitude |E] is inversely proportional to the distance 
p = (a? + y?)'/? from the z-axis. The direction of E 
is directly away from the wire, in the direction of the 
vector zi+ yj. The unit vector in this direction is 
e, = (zit yj)/(a? + y?)'/?. Hence the electric field 
vector at distance p is E = Eoe,/p, which has mag- 
nitude Eg when p = 1, as required. Thus, in Cartesian 
coordinates, we have the vector field 
E(z,y, 2) = Eo(ai+yj)/(2*+y") (a? +y? > 0). 

The domain statement excludes the z-axis, where the 
function is not defined. The vector field lines are 
straight lines perpendicular to the z-axis and directed 
away from the z-axis. 


Section 3 
3.1 The scalar field is f(x,y) = xy, so we have 
Ol ~. Of _ 
Or — 2ry, ag b2) —_ —A, 
Of 1» Of _ 
Bye By hah 
Thus, from Equation (3.4), 
grad f(—1,2) = OF, + ae = —4i+j. 
Ox Oy 


The derivative in the x-direction is grad f -i= Of /0z, 
which has the value —4 at (—1,2). 


3.2 The curve x? — 2zy + y? = 9 is a contour of 
f(x,y) = 2? —2xy+y’ passing through (0,3), and 
grad f evaluated at (0,3) is normal to this contour. 
We have 

grad f = (2x — 2y)i + (—2x + 2y)j, 

grad f(0,3) = —6i+ 6j. 
This, or any non-zero scalar multiple of it, is the re- 
quired vector. 


Solutions to the exercises 


3.3 The partial derivatives are 


00 Ba | Hart ty??? 
= x x 22 
Ox \/a2 + y? a 
Bu 
SS ge yp’ 
00 By 00 _ 0 
Oy —s- 2 +y??— Oz 


Thus, using Equation (3.5), 


Bu By 
rd ee |= 2 4 | = 7 
° ( ae) ee 


grad O(—1,1,0) = $Bi— 4Bj = }B(i—j) 
3.4 We have 
Of Of Ox | Of Oy 
00 «Ax 00 | «Oy OO 
of af 
eT aa 
Hence 
40, 
50 rein? = | ee 


3.5 We have f(r, 0) =r? — 2rcos6. Thus 
grad j= (e, 2 + a) 1 
Or 


7°86 
_ of. 10f 
a as 0 


= (2r — 2cos @)e, + 2sin deg. 


3.6 (a) We need the magnitude and direction of 
grad f at (—1,1,1). From Equation (3.5), 

grad f = 2ry?z7i + 227 yz?j + 22? y?zk. 
The maximum value of the derivative is |grad f| 


and it occurs in the direction of the unit vector 
grad f/|grad f|. At the point (—1,1,1), we have 


|grad f| = | — 2i+ 2j + 2k| = 2v3, 
grad f _ ie o Ae 7 
|grad f| a ' yas + ak: 


(b) The derivative of jf in the direction of 
d= i+ 2k is 
FW 6 p22 4 By 242 
grad f-d= sry'2 + sry’z. 
At the point (2,1,—1), this gives 


grad f-d = —4, 


3.7 We have 
or = eae? +y?)—bz 2 (—2ax) = (—2ax)f (2x, y, 2) 
OF _ e Ua? +y?)—bz x (—2ay) = (—2ay) f(a, Y; z), 
Oy 
of => ean? +y?)—bz x (—b) = (—b) f(x,y, 2). 
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Unit 23 Scalar and vector fields 


Thus, from Equation (3.5), 

Vf = (—2axt) f(y, 2)i 
+ (—2ay) f(2,9, 25 
+ (-b)f(0,y, 2)k 

= —(2a(xi + yj) + dk) f(x,y, 2), 

as required. At the origin, 

Vf(0,0,0) = —be°k = —bk. 
The x-component of V f(1,2,3) is 

V f(1,2,3) «i= (—2a)f(1,2,3) 
a(1?+27)—3b 


= —2ae— 


= —2qe724—3b 


3.8 (a) We have 


of meen, 2\—-1/2 = v 
of y 


Oy fa? + y? 


Thus, from Equation (3.4), 


1 ; . 
grad f = Jaap 1) 
grad f(1,1) = +3) 


We have 


d = (cos git (cos $)j = ¥3j + $j. 


The required derivative is 


grad f(1,1)-d = (45(1+3)) - (i+ 43) 
— V3 1 
= aya + V8 


—_ v3 
ane ~ 0.9659. 


3.9 We have 
Og 2 Og 5 
=2 = 2Qxry. 
Ox ae Oy . oe 


Thus, from Equation (3.4), 

grad g = (2ey — y”)i+ (a? — 2ay)j, 

grad g(1,1) =i-j. 
This gradient vector specifies the magnitude and direc- 
tion of the steepest slope of the surface z = g(x,y) at 
the point (1,1). Hence the required steepest slope is 
|grad g(1,1)| = |i—j| = V2. The direction of steepest 
slope is specified by the vector i — j. 
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Section 4 


4.1 (a) The domain is the slab of space between (and 
including) the planes z = 1 and z = —1, but excluding 
the z-axis. 

(b) At P we have \(1,0,0) = (cos0)/1 = 1. 

At Q we have A(1, 5,0) = (cos0)/1 = 1. 

At R we have p = 0, so R is not in the domain of A. 


(c) The points on the circle all have p = 2, so the re- 
quired field value is \(2, 0, +) = (cos 2)/2 ~ 0.4619. 


4.2 The partial derivatives of U are 


OU _ Qa OU _ 2y 

Ox = (a2 + y?)?’— Oy (x2 + y?)2’ 
OU 

a 


Hence, since VU = grad U, from Equation (3.5), 


2 Shad 
Converting to cylindrical polar coordinates using Equa- 
tion (4.2), U(p, 0, z) = 1/p?. This is a cylindrically sym- 
metric scalar field, since it depends only on p. So we 
can use Equation (4.8) to obtain 

OU 1 2 
VU =e, Bo =€,( a) a ep. 
But, from Equation (4.3), e, = (i+ yj)/V/2? + y? 
and, from Equation (4.2), 1/p? = (#? + y?)~3/?, hence 
the two expressions for VU are identical. 


The contour surfaces of U are found by putting 
U =1/p? equal to a constant. Hence the contours are 
the surfaces where p is constant. Each such surface is 
cylindrical with its axis along the z-axis. We can sketch 
the intersections (circles) of the contours with a plane 
z = constant. The vector field lines of VU are directed 
perpendicularly inwards towards the z-axis. (The vec- 
tor field lines are not continuous through the z-axis, 
which is not in the domain of U.) 


circular contour 
curves 


> 
His 


radial vector 
field lines 


4.3 The partial derivatives are 
Of __cosz Of | Of sinz 
dps pe’? 00—””—Cizs—tséi 
Hence, using Equation (4.7), 


COS Z sin z 
grad f=e ( ) +e, ( ) . 
Che p 


So the components (grad f),, (grad f)9 and (grad f), 
are (— cos z)/p?, 0 and (—sin z)/p, respectively. 


4.4 (a) Here r = V/5?+ 0? +0? =5. The point is in 


the (x, y)-plane, so 6 = §. The point is on the a-axis, 


so ¢=0. Hence the spherical polar coordinates are 
(By 50): 


(b) The point is on the positive y-axis 5 units from the 
origin, so the spherical polar coordinates are (5, 5, 4). 


4.5 Using Equation (4.11), the spherical polar compo- 
nents of F are 


1 
F.=Fy=0, Fy=-— 


= 
4.6 Using Equation (4.12), the spherical polar compo- 


nents are 


(grad V), =Ip/r?, (grad V)9 = (grad V)g =0. 


4.7 (a) (i) p =2 defines a cylindrical surface of ra- 
dius 2 with its axis along the z-axis. 


(ii) @= § defines a half-plane containing the positive 
y-axis but not the z-axis. 


(b) We have 


ee ri+ yj —yi+ aj 
65 — |__|. [| —2 
Pp /y2 + y2 /~2 + y2 
ary + vy 
—aaage 
w+y 

so e€, and eg are mutually perpendicular. 
(c) The partial derivatives of F’ are 


OF _, OF OF 
ap BO Be 
Hence, from Equation (4.7), the gradient of F' is 
VF = grad F =e *e,+—pe “ez. 
At the point p = 5,0=0, z=0, 


VF(5,0,0) = e, — 5ez. 


4.8 (a) 0=% defines a cone with its axis along the 
positive z-axis, its apex at the origin and half-angle ¢. 
(b) We have 
le, |? =e, +e, 
= (isin #cos ¢ + jsin @sin ¢ + k cos 6) 
- (isin Ocos d + jsin sin ¢ + kcos 0) 
= (sin 6 cos ¢)” + (sin @sin d)? + cos? 0 
= sin? 0(cos* # + sin” ¢) + cos 6 


= sin? 0+ cos?6= 1. 


Solutions to the exercises 


(c) We use spherical polar coordinates. Then U =r 
and the only non-zero partial derivative is OU/Or = 1. 
Hence grad U = (l1)e, =e,. The point (5, 5,7) is on 
the negative x-axis, so e, = —i at this point. 
(Alternatively, using Equation (4.9), 

e, = isin@cos¢ + jsinésin d + kcos 0 


= i(-1) +0+0=-i,) 


4.9 The cylindrical polar components are 


ug=-, Uz=0. 


and 


4.10 (a) At A,r=3,0=5,¢=§5 
V(3, 2, 2) = —M/33 = —M/27. 

At B,r=1, 96=0, ¢=0 and V(1,0,0) =2M. (Bis 
on the z-axis where ¢ = 0, by convention.) 

At C,r=1,0=7, 6=0and V(1,7,0) = 2M. 


(b) To find gradV, we first determine the partial 
derivatives 


dV 3M(3cos? @ — 1) 
Or r4 , 
OV _ M(6cos @(—sin @)) 
00 r3 , 
OV 
— =0. 
do 
Evaluating these at A yields 
OV pi ae OV on nt 
Ap (bBo B) = ag (8 2) 2) = 0: 


Hence, at A, gradV = er. The magnitude of the 
force F is |— grad V| = xy and the direction is given by 


the direction of —e, at A, i.e. the negative y-direction. 
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UNIT 24 Vector calculus 


Study guide for Unit 24 


Although this unit is quite short, it contains many important concepts and 
a great many exercises. The material relies rather heavily on Units 4 and 
12 and especially on Unit 23. 


The sections are best studied in order. 
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Unit 24 Vector calculus 


Introduction 


In Unit 23 you saw that the spatial variations of a scalar field can be de- 
scribed by the gradient vector field, which can be expressed in terms of the 
three partial derivatives of the scalar field. Vector fields are more compli- 
cated than scalar fields. For a given Cartesian coordinate system there are 
nine partial derivatives associated with a vector field F = Fii+ Foj + F3k 
at each field point. In the first two sections we shall introduce two new 
fields that are combinations of these partial derivatives and that represent 
important physical properties of the vector field F. One of these fields, a 
scalar field called the divergence of F, is the subject of Section 1. The other, 
a vector field called the curl of F, is the subject of Section 2. In Section 3 
we measure the work done by a force in moving a particle from one point 
to another in a vector field, by introducing the scalar line integral. Finally, 
Section 4 develops links between gradient, curl and the scalar line integral. 


This unit will also build on the concepts of kinetic energy and potential 
energy, introduced in Unit 8, and on the idea of work mentioned briefly in 
that unit. 


1 Divergence of a vector field 


We shall approach divergence in two different, but equivalent, ways. In 
Subsections 1.1 and 1.2 we define divergence mathematically in terms of 
partial derivatives, using the vector differential operator V, and give practice 
in calculating the divergence of given vector fields. Subsection 1.3 discusses 
the problem of modelling the flow of heat energy in a uranium fuel rod and 
predicting the temperature field in the rod. This enables us to develop a 
physical interpretation of divergence as the rate of heat outflow per unit 
volume at each point in the rod — one of many examples of divergence in 
the physical world. 
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These partial derivatives are: 


OF, /Ox, 
OF, /0x, 
OF3/0x, 


OF, /Oy, 
OF» /Oy, 
OF3/Oy, 


OF, /0z, 
OF, /0z, 
OF3/0z. 


Section 1 Divergence of a vector field 


1.1 Defining divergence 


The gradient grad f of a scalar field f can be expressed as Vf, where V 
(del) is the vector differential operator 
O 0 0 
V=i j k—. 
"Ox 7155 - Oz 

We now form the dot product of V with an arbitrary vector field F(z, y, z), 
treating V as if it were a vector. We write the order of symbols in the dot 
product as V+ F so that 


V-F= (i a +j e +k a ) -(Fiit+ Foj + F3k), The order is important here. 
Ou Oy Oz We do not write F- V, since 
where we have written the vector field F in terms of its Cartesian compo- this would result ina 
nent fields Fi(x,y,z), etc. We can evaluate this expression by multiplying ees ee 
: ‘ : or something to operate on. 
the brackets, letting the differential operators act on the scalar component 
functions and using the dot product rule for the dot products of the unit 
vectors. For example, multiplying the first two terms in each bracket yields 
(OF, /0x)i-i = OF, /Ox. Terms with dot products of mutually perpendicu- 
lar unit vectors evaluate to zero, and so we are left with the sum of three 
terms OF /Ox, OF)/Oy and OF3/0z. This combination of partial derivatives 
is defined as the divergence of the vector field F or div F for short. You can 
see that div F is a scalar quantity that can be evaluated at each point in the 
domain of F. Thus div F is a scalar field. 


Definition 


The divergence of a vector field F = F,i+ Foj+ 3k in Cartesian 
coordinates is a scalar field given by 
OF, OF) OF3 


1 F= -F= 
oa ” Oe” Oy Oe 


(1,1) divF and V -F are 
alternative notations for the 
divergence of F. 


A physical interpretation of divergence will be given in Subsection 1.3. 
Meanwhile we show how the divergence of a given vector field can be calcu- 
lated at specified points. 


1.2 Calculating divergence 
To calculate the divergence of a given vector field F, we need to identify its 


components F), Fb and F3, work out the partial derivatives OF /Ox, OF>/Oy 
and OF3/0z, and add them as in Equation (1.1). 
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Unit 24 Vector calculus 


Example 1.1 

(a) Determine the divergence of each of the following vector fields: 
F(z, y,2z) = «i+ y*j+ 27k, 
r(z,y,z) = vi+yjt+ zk, 
V(az,y,2) = —yi+ xj + 5k. 

(b) Evaluate div F at the origin and at the point (1, 2,3). 

Solution 


(a) The components of F are F, = 27, Fy = y”, F3 = 2”. Hence 
div F (or V- F) = 244+ 2y4+2z =2(¢+y+4+2). 


Similarly, ry = x, ro = y, r3 = z. Hence divr =1+1+1=3. 
Also, Vj = —y, V2 = x, V3 = 5. Hence divV =0+0+0=0. 


(b) The value of divF at (0,0,0) is 0, and its value at (1,2,3) is 
1+2+3)=12. & 


*Exercise 1.1 


Determine the scalar field div F, where F(a, y, z) = xyi — yzk, and evaluate 
div F at the point (3, —1,2). 


*Exercise 1.2 


Consider the three-dimensional vector field F = r/|r|" (r 4 0), where r is 
the position vector, Ff is a unit vector in the direction of r and n is a positive 
integer. Express the field in Cartesian form, and show that F has zero 
divergence everywhere only when n = 2. 


When vector fields are given in cylindrical polar coordinates or in spherical 
polar coordinates, it is not always convenient to use the Cartesian expression 
for divergence. The polar coordinate expressions for divergence are quite 
complicated, and we shall derive only the expression for cylindrical polar 
coordinates. 


First recall that the gradient vector operator in cylindrical polar coordinates 
is given by 


Vee 3) ip 1 e a) ie O 
~ Pan p 900. Oz" 
To compute the divergence V - F we must therefore calculate 


Qo 1 3d F) 
(cox . p 056 * 5] > (Foep + Foes + Frez). 


Now e, and eg depend on @. Indeed, from the relationships 


ep cos@ sin? 0 i 
eg | = | —sin@ cosé 0 I ts 
e, 0 0 1 k 


we see, for example, that 
€, = cos Ai+ sin 8j. 
Therefore 


dep a . 
ae — sin i+ cos @j = eg. 
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See Unit 23, Subsection 4.2. 


Note that e,, eg and e, do 
not depend on p or z. 


Section 1 


*Exercise 1.3 
: ae . Oe 
Find a similar expression for a. 


06 


Now, returning to the calculation of V+ F, we proceed term by term as 
follows: 


8.10, 2a 
ves (e5, Tp 50 bey) al a ee 


O 1 O 
=€,° ap (Frep + Foeg + Fez) + ae 50 (Fe, + Foes + Fez) 
O 
t+e,- oe (Fe, + Foeg + Fez). 


Since none of e,, eg or e, depends on p, we have 


Divergence of a vector field 


a) OF OF OF, 
— (Fe, + Foe + Fe,) = —“e e e,, 
ap (Fee + geo + z€z) ap p+ dp o+ dp z 
so that €,, eg and e, forma 
0 OF right-handed set of unit 
e,+ ~— (F,e, + Foe + Frez) = —*. vectors, and so are mutually 
Op Op perpendicular. 


Next, using the results 0e,/00 = eg, 0e9/00 = —e, and Jde,/06 = 0, we 
have 


O _ OF; Oe, OF Oeg OF, 
99 Peer + Foes + Frez) = arep + Foae + aeee + Fone + pees 
OF OF» : 
= 9g ce + Free + “aq 00 — Foep + “ages. 
So 
1 90 1 1 OF, 
-eg: — (F F F.e,) = —F,+-—. 
7. 79 Feee + 9€9 + Fez) pe oo 


Finally, since none of e,, eg and e, depends on z, the contribution from the 
z-component of V is 


6) OF 
e.: az (Fe, + Foes + Fez) = ae 
So we have finally arrived at the formula for div F in cylindrical polar coor- 
dinates, 


OF, 1 10Fy OF, 
ivF =—*+-F 
7 Op * p or p 00 Oz 


Divergence of a vector field in polar coordinates 


The divergence of a vector field F(p, 9, z) = F,e, + Foe9 + Fzez is 
given in cylindrical polar coordinates by 


OF 1 10Fy OF: 
ivF=V-F=—2 FE . 12 
divF = V Dp an or 50 a re (1.2) 


For F(r, 0, ¢) = F,e, + Foeg + Fyeg in spherical polar coordinates, 
the divergence is given by 


Or r\ 00 Od 


rsin@ 


OF, 1 (OF 1 OF 
divF = —+- (= + 2F, + (2 + Fg cos 6) « (1,8) This follows from a similar 
but more complicated 
derivation that we do not 


consider here. 
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Unit 24 Vector calculus 


Example 1.2 


Consider the vector field F = r/|r|” (r 4 0), where r is the position vector, 
rf is a unit vector in the direction of r and n is a positive integer. Express F 
in spherical polar coordinates, and hence confirm that div F = 0 everywhere 
only when n = 2. 


Solution 


The spherical polar form of the field is F(r,6,¢) =e,/r” (r > 0), so the 
field has components F, = 1/r" and Fy = Fy = 0. We can use the spherical 
polar expression for div F given in Equation (1.3), to obtain 
O(1/r” 2 
dyn! 2 aay Gen) 
Or iy 
1 2 2-—n 
a ( n) pr+l + pr+l — pn+1 (r ms 0), 


which is zero only whenn=2. Hf 


You can see the advantage of using spherical polar coordinates in Exam- 
ple 1.2. (Compare the solution with that for Exercise 1.2.) 


1.3 Divergence in physical laws 


Our definition of div F as a sum of partial derivatives gives little clue to the 
physical meaning of divergence. In this subsection we describe one physical 
meaning of divergence by considering the flow of heat energy in a uranium 
fuel rod. In the steady state, the rate of flow of heat energy out of any small 
region of the rod must be equal to the rate at which heat is generated by 
fission in that small region. We shall show that this heat-energy balance can 
be expressed by the equation 


divJ = S, 


where div J represents the rate of heat outflow per unit volume at a point 
in the rod and S is the rate at which heat is generated per unit volume at 
that point. (The scalar field S is sometimes referred to as the heat source 
density.) This equation represents the law of energy conservation for heat 
flow in the rod. 


You saw in Unit 28 that heat flow rate in a conductor may be represented 
as a vector field, J, where the direction is that of the heat flow, and the 
magnitude is given by 
heat flow rate across surface area A 

A : 


|J| = lim 
A—0 


In the examples of heat transfer by conduction that you studied in Unit 15, 
the heat source in the conducting material was always zero. No heat was 
generated within the conducting material itself. Heat flowed through the 
conducting material, but the sources of heat were outside it. For example, 
the hot water flowing through a central heating pipe is the source of the heat 
that flows radially though the pipe walls — there is no source of heat in the 
wall of the pipe. For a uranium fuel rod in a nuclear reactor (see Figure 1.1), 
however, heat is generated throughout the body of the rod by the fission of 
uranium atoms. The heat generated in the rod flows by conduction through 
the rod and out into the surrounding coolant, a flowing gas or liquid which 
takes the heat away to drive turbines. In the steady state, the coolant es- 
tablishes a uniform, relatively cool, constant temperature O, on the outside 
surface of the rod. (The radius of the rod is a.) An important question in 
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This is the same field as in 
Exercise 1.2. 


Our model assumes that there 
are no other heat losses or 
gains. 


See Unit 23, Subsection 2.3. 


Section 1 Divergence of a vector field 


reactor design is: how does the temperature distribution O depend on the 
heat source and on the constant surface temperature O, established by the 
coolant? In preparation for this, we now derive the equation div J = S. 


When the reactor has been in operation for some time, a steady state is 
reached where the temperature field in the rod stays constant in time and 
the net outflow of heat from any region of the rod is balanced by the total 
heat production by fission in that region. Let us consider this energy balance 
more closely. If P is a point in a small region of volume V inside the rod 
and q is the rate at which heat is generated by fission in the region, then 
the quantity 


; q 
a aa V 

is the rate (in W m7?) at which heat is generated per unit volume at P. The 
rate S of heat generation may vary from point to point in the rod and isa 
scalar field. In Figure 1.2 the point P has position vector r and lies inside 
a small region R, with volume V, entirely within the rod. If the region 
R is small enough, the field S is effectively constant throughout the small 
region and is approximately equal to S(r). So the net rate at which heat is 
generated in R is approximately S(r)V (in watts). In the steady state, this 
rate of heat generation is balanced by the net rate of outflow of heat from 
the region RF into neighbouring regions of the rod. Thus we have 


net outflow rate from small region containing P ~ S(r)V. 


Dividing both sides by V, we obtain 


net outflow rate from small region containing P 


7 ~ S(r). (1.4) 


Let us take the limit as the region R becomes smaller and eventually shrinks 
onto the point P, i.e. as V — 0. Then, while the right-hand side of the ap- 
proximation (1.4) remains constant, the left-hand side becomes the net out- 
flow rate per unit volume at P and the approximation becomes an equality. 
Thus we have 


net outflow rate per unit volume at P = S(r). (1.5) 


We can evaluate the net outflow rate per unit volume on the left-hand side of 
this equation by considering a region R in the shape of a small cube centred 
on P, as shown in Figure 1.3. We shall determine the net rate of outflow 
across the three pairs of parallel faces of the cube, and then take the limit 
as V — 0 to give the net outflow rate per unit volume. Consider first the 
two parallel faces normal to the x-direction and separated from one another 
by a distance L, the side length of the cube. Let the left-hand face be in 
the plane x = X, with its midpoint at (X,Y,Z). If J = Aji+ Joj + Jsk is 
the heat flow vector field (in Wm7?), only the component of J normal to 
this face, in the direction of negative x, will contribute to the outflow rate 
across this face. (The y- and z-components of J represent flow in the plane 
of the face.) If the cube is small enough, we can ignore any variation of 
J on the face and take its value J(X,Y,Z) at the centre of the face. The 
unit vector in the negative «x-direction is —i, so the outflow rate across this 
face is —J -i = —J, and the outflow rate (in watts) across the area L? of 
the face is approximately —J,(X,Y,Z)L?. Similarly, the outflow rate across 
the parallel face in the plane = X + L is J,(X + L,Y, Z)L?, since only 
the component of J in the positive x-direction contributes. The net outflow 
rate across the two faces is therefore approximately 


[—si(X, Y, Z) ob IV(X a ie 2 Z)| ae 
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(In Figure 1.3, the Cartesian coordinate system is oriented so that the coordi- 
nate planes are parallel to the plane faces of the cube. We use an orientation 
of x, y and z that is different from that used generally in this unit.) 


Dividing by the volume V = L? and taking the limit as L — 0 (equivalent 
to V — 0), gives the contribution from these two parallel faces to the net 
rate of outflow per unit volume as 

ij Ii x ly Yi) = GY, 4) 

im ; 

L—=0 L 


You should recognize this limit, from Unit 12. It is the partial derivative 
of J, with respect to x at the point (X,Y,Z). In other words, it is the 
partial derivative 0J1(X,Y,Z)/Ox. In the same way, you can see that the 
contributions to the net rate of outflow per unit volume from the other two 
pairs of parallel faces of the cube are 0J2(X,Y,Z)/Oy and 0J3(X,Y, Z)/0z. 
The net rate of heat outflow per unit volume at the point P is the sum of 
these three partial derivatives, namely, 


OJ, OJ» OSs 
Og (Ys Z)+ ay YZ) Bz (4% 4). 


You will recognize this expression as the divergence of J. 
Hence, at each point P in the rod, we have 
net outflow rate per unit volume = div J, 
and so, from Equation (1.5), energy balance requires 
divJ=S 
to be satisfied at each point P in the rod. 


The equation div J = S is a first-order partial differential equation for the 
vector field J = J(z,y,z). It may be written as 
OS, + OJ OS 
Ox Oy Oz 


where Jj, Jo, J3 and S are functions of x, y and z. 


= S, (1.6) 


You have seen (in Unit 23) that we can describe the heat flow vector J by 
Fourier’s law as 


J = —« grad 0, 


where O is the temperature field and « is the thermal conductivity. If « is 
constant throughout the fuel rod, then the divergence of the last equation, 
divided by —x, can be written 


and = div(grad 0), 
kK 
which, from Equation (1.6), gives us the second-order partial differential 
equation 
ee) 4. ome) n Po Ss 
Ox? Oy? Oz? 


Knowing S and x, and the appropriate boundary conditions, Equation (1.7) 
can be solved for the temperature field 0. 


(1.7) 
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The units of outflow rate per 
unit volume are therefore 
Wm-?. 


Taking the limit as LD — 0 in 
all three directions places 
(X,Y, Z) at the point P. 


Note that this equation is 
dimensionally correct. 


This equation for the heat 
distribution O is called 
Poisson’s equation. 


Section 1 Divergence of a vector field 


Example 1.3 
Steady-state conductive heat flow is governed by the partial differential equa- 
tion 

divJ = S, 
where J (in Wm?) is the heat flow per unit area and the scalar field S (in 
W m~°) is the heat generated per unit volume. Fission of uranium atoms in 
a long cylindrical fuel rod of radius 0.02 metres generates heat at a constant 
rate S uniformly throughout the rod. When the axis of the rod is along the 
z-axis, the solution of the equation describing steady-state heat flow in the 
rod is known to be of the form 

I(x, y,2) = A(zi+ yj), 
where A is a constant. Determine A when S = 4 x 10° Wm7®, and hence 
determine the magnitude and direction of the vector J at: 
(a) points on the z-axis; 
(b) a point T with Cartesian coordinates (0.005, 0, 0); 
(c) a point Q with Cartesian coordinates (0.015, 0,0). 


Solution 
We find that 
ov Ox - Oy " Oz Ox a Oy e 


Now from Equation (1.6), we have 2A = S, where S is given as 

4x 10°Wm-3, so A=2 x 10°Wm-?. 

(a) On the z-axis, x = y = 0 and so J = 0. The magnitude is zero and there 
is no direction associated with the zero vector. 

(b) At point T, J(0.005,0,0) = 2 x 10° x (0.005i) = 104i, which is a vector 
pointing in the positive x-direction, i.e. radially outwards, of magnitude 
10*°Wm? = 10kWm”. 

(c) Similarly at Q, J = 2 x 10° x (0.015i), which is a vector directed in the 
positive x-direction of magnitude 3 x 10‘Wm-? = 30kWm-?. 


Figure 1.4 depicts the heat flow vector J at the points T and Q described 
in Example 1.3. The vector field J(x,y, z) can be expressed in cylindrical 
polar coordinates as J(p,6,z) = Apep, so that J points directly outwards 
from the z-axis everywhere and |J| is the same at all points on a cylindrical 
surface of radius p. 


*Exercise 1.4 


Determine the magnitude of the heat flow field J = A(xi-+ yj) at any point 
P on the outer cylindrical surface of the rod (See Figure 1.4). Hence deduce 
the total rate of heat flow out of a one-metre length of the rod. Determine 
also the total rate of heat generated in the one-metre length. 


Now let us return to the general problem of the fuel rod. Recall that we had 
arrived at the two equations 


divJ = S, 
J = —« grad 0. 


The description of the rod as 
‘long’ implies that we can 
ignore any anomalies in the 
heat flow or generation at the 
ends of the rod, i.e. we are 
ignoring any ‘end effects’. 


You will be asked to confirm 
this expression for J in 
cylindrical polar coordinates 
in Exercise 1.8. 


This exercise refers to 
Example 1.3. 


Figure 1.4 
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The nature of the fuel rod makes it particularly appropriate to use cylindrical 
polar coordinates, and armed with the formula for div in cylindrical polar 
coordinates we can make rapid progress. We take the z-axis along the centre 
of the rod, so that the symmetry of the situation allows us to make further 
simplifications. The flow rate vector J = J,e, + Joep + Jzez cannot depend 
on the angle 6, because we have assumed that the material of the rod is 
uniform. Hence Jg = 0. Similarly, if we assume that the rod is very long in 
comparison with its thickness, then we can neglect the effects of the ends of 
the rod. In these circumstances J will not depend on z either, and J, = 0. 
Thus the formula for div J in cylindrical polar coordinates reduces to 
Os, 1 


iva", 
Op op 


and the above two equations for J become 
QJ, . 1 
—+-J,=S 1.8 
Op + ao (1.8) 
J = —« grad 0. 


Now 


J = —-KgradO = —-KVO=-k& (e.5- a 0055 reg] 


Since « is constant, Equation (1.8) leads to the second-order differential 
equation for O: 


e100 8 
Op? pdp kK 


In fact, because O does not depend on @ or z, this partial differential equation 
can be written as a second-order ordinary differential equation, 


PO 1d0__S 
dp? pdp kK 


However, it is not a constant-coefficient equation, so the methods of Unit 3 
are not directly applicable. Fortunately we can reduce the equation to a 
pair of first-order equations, each of which can be solved. Replacing dO /dp 
by u, we have the two first-order equations 


du 1 S 
sn coe , 

dp p kK 

do _ 

dp 


The first of these is a linear differential equation, with integrating factor 


ae ( / ; 2) —explaey e's: 


Multiplying through by this factor gives 


“ S 
dp aa i 
so that 


S 
up = ae + C, 


where C is an arbitrary constant. If we assume that O has a maximum at 
the centre of the rod (which seems eminently reasonable!) then we must 
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have 
a when p=0O, 
so C = 0. Thus 
dO 1° 
oS dp = “2g 
and 


Ss 
O= “a5 + D, 


where D is another arbitrary constant. Finally, since the temperature on 
the edge of the rod (when p = a) is known to be Og, we have 


S S 
= 1. 2 1 2 
as the solution to the problem. 


Exercise 1.5 


(a) A certain laser beam transports energy through air as a cylindrical beam 
of light, that is, in a uniform parallel beam, at the rate of 5000 Wm7?. 
Taking the z-axis to be in the beam direction, along the axis of the 
cylinder, we can write the energy flow field as H(z, y, z) = 5000k, where 
k is a unit vector in the direction of the positive z-axis. Determine div H. 


(b) When the laser beam shines through fog, it becomes weaker and its 
intensity falls off exponentially with distance. If the laser is placed 
so that the beam originates at z= 0, the energy flow is given by 
H(z, y, z) = 5000e- °*k, where a is a positive constant (the absorption 
coefficient of the fog). Determine div H. 


You have seen that, for steady-state heat flow in a uranium rod with heat 

flow field J, div J is equal to the heat source density at each point. In fact, for 

any steady-state heat flow field J, div J is equal to the heat source density 

at each point. A similar result applies to the laser beam in Exercise 1.5, 

where div H is equal to the source density of light energy in the beam. In 

Exercise 1.5(a) you found divH = 0. This result represents the fact that 

there are no light sources or sinks in the air through which the laser beam When a source density S is 
passes. On the other hand, when the beam passes through fog, which absorbs negative, the source is 
light and so attenuates the beam (hence the factor e~°*), the fog acts as a commie y called a sink (cf. 
sink of light. The presence of this sink of light is represented by the fact a eEr logy for etabiligy 
that divH is negative. 
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*Exercise 1.6 


Consider the vector field f(p, 0, z) = e,/p", where p > 0 and n is a positive 
integer. For what value(s) of n is div f = 0 everywhere? 


We have interpreted divergence in terms of net outflow rate from a point. 
Not all vector fields are associated with flow of material or energy. For 
example, there is no flow associated with a static magnetic field or an elec- 
trostatic field. However, the divergences of such fields can still have physical 
significance. For example, the divergence of any magnetic field B is always 
zero. This law, 


divB =0, (1.9) 


is true for all possible magnetic fields and is an expression of the fact that 
there are no sources or sinks in a magnetic field. 


End-of-section Exercises 


*Exercise 1.7 


Find V - F, where F(z, y, z) = ryi + yzj + zak, and hence evaluate 
V - F(1, 2,3). 


Exercise 1.8 


(a) Express the vector field J(x,y,z) = A(xi+ yj), given in Example 1.3, 
in cylindrical polar coordinates, and hence determine div J using the 
cylindrical polar expression for divergence. 


(b) Express the position vector r in spherical polar coordinates, and hence 
determine divr using the spherical polar expression for divergence as 
given by Equation (1.3). 


Exercise 1.9 


Use Equation (1.9) to decide which of the following vector fields could be 
magnetic fields: 


F(z, y, 2) = —yi+ xj + xyk; Gls, 4,2) = xi + yj + 27k; 
H(x, y, z) = vi+ yj — 2zk. 


2 Curl of a vector field 


You have seen that the divergence of a vector field F = Fyi+ Foj+ F3k isa 
scalar field given by the sum of the three partial derivatives OF) /Ox, OF 2/Oy 
and OF3/0z. This is one way of differentiating a vector field, resulting in a 
scalar. We now introduce the curl of a vector field F, written curl F. This 
new field is a vector field constructed from the other six partial derivatives 
of F, Fy and F3 with respect to Cartesian coordinates x,y, z. You can think 
of these partial derivatives as ‘sideways’ derivatives. For example, OF /Oy 
describes how the x-component of F changes with small displacements in the 
y-direction. Subsections 2.1 and 2.2 introduce the curl of a vector field and 
show how to calculate it. Subsection 2.3 provides a physical interpretation 
of curl. 
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This law is one of four 
equations called Mazwell’s 
equations. 


2.1 Defining curl 


In this subsection we consider the mathematical definition of curl F using 
the vector differential operator V. You have seen that, for any scalar field f 
and for any vector field F, we have: 


grad f = Vf, 
divF=V-F. 
We now define the vector field curl F to be the cross product V x F of 


vail ak ie and F = Fyi+ Foj + F3k. 
Ox Oy Oz 


Definition 


The curl of a vector field F = F\i+ Fhj + F3k in Cartesian coor- 
dinates is 


curlF =V x F 


i j k 
=), <0. 0) 
Ox Oy Oz 
i Fa. Fs 


OF; OF2\. OF, OF3)\., OF, OF, 
S| oe a eat 
(= mt) is (F m2 i+ (F a) on 


The name ‘curl’ comes from the fact that the vector field curl F represents 
the ‘local rotation’ in the field F. Local rotation will be discussed in Sub- 
section 2.3. 


When the vector field F(x, y) is confined to the (z, y)-plane, then F3 is zero, 
and F, and F» do not depend on z. Then you can see from Equation (2.1) 
that only the z-component of curl F can be non-zero and we have the sim- 
plified expression 

OF, OF, 

k 

Ox Oy 

for the curl of a two-dimensional vector field F(z, y). This means that 


the curl of a two-dimensional vector field must either be zero or be directed 
at right angles to the plane of the field. 


curl F = ( (2.2) 


Section 2 Curl of a vector field 


grad f is a vector field. 


div F is a scalar field. 


The determinant form of the 
cross product was given in 
Unit 9. 


Examples of both possibilities 
are given in Example 2.1. 


129 


Unit 24 Vector calculus 


2.2 Calculating curl 


To calculate the curl of a given vector field, first identify the component 
fields, then evaluate the relevant partial derivatives and substitute these 
partial derivatives into the appropriate expression for curl in Equation (2.1) 
or Equation (2.2). 


Example 2.1 
(a) Find the curl of each of the following vector fields. 
(i) f(x,y) = zit yj. 
i) g(@,y) = —yi + aj. 
iit) F(2,y,2) = os + 2*)i+ a°j + (xz — 2)k. 


(i 
( 

(b) (i) Find curl F(1, —1,3), where F is the vector field specified in part (a) (iii). 
(i 


i) Find points as curl F = 0, where F is the vector field specified 
in part(a) (iii). 
Solution 


(a) (i) The components of f are f; = x and f2 = y, so 
Oly Oh 


Ox CO 
The vector field f(x,y) is confined to the (x,y)-plane, so we can use 
the simplified Equation (2.2). Substituting in Equation (2.2), we find 
curlf = 0 


(ii) The components of g are g; = —y and gz = x, so 
Ogi _ 1. Ogo _ i. 
Oy Ox 
Substituting in Equation (2.2), we obtain 
Ogo Ogi 
lg = (|  —- — | k=(1 - (-1))k = 2k. 
curlg = (32 - 2) «= (= (-1) 


(iii) We have F, = zy + 27, Fy = 2, F3 = xz —2, so 
OF, OF, OF 2 
ia SS 2 ——_ = 


Oy Oz Or aus 
OF, OF _, aFs_, 
dz” Ox—( iC 


Substituting in Equation (2.1), we obtain 
curl F = (0 — 0)i+ (22 — z)j+ (Qa — z)k = zj + ck. 
(b) (i) At the point (1,—1,3), we have curl F = 3j+k. 


(ii) When x = 0 and z = 0, and for any value of y, curlF = 0, ice. 
curl F is 0 everywhere on the y-axis. Hl 
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We write the zero vector here 
since curl is a vector field. 


Section 2 Curl of a vector field 


*Exercise 2.1 


Here r = zvi+ yj + zk, r = |r| = 2? + y? + 2? andr is a unit vector in the 
direction of r. Find curl F in each of the following cases. 


(a) F=: 

(b) F = f(r)r, where f is a function of r only. 

(c) F =p + 2z)i + (xy + 6z)j + (22 + 2az + y)k. 
(d) F = grad f, where f is a scalar field. 


If a vector field F has curl F = 0 everywhere, it is said to be a conservative 
field. Conservative force fields are important in mechanics. When only 
conservative forces act on a particle, the total mechanical energy of the 
particle, i.e. potential energy + kinetic energy is conserved. 


*Exercise 2.2 SSS 


Identify conservative fields from those considered in Example 2.1 and Exer- 
cise 2.1. 


2.3 Curl and local rotation 


Whereas the divergence of a vector field represents the outflow rate from a 
point, the curl of a vector field represents rotation at a point. 


Consider the two-dimensional velocity field on the surface of a river. Let the We are assuming that the 
surface be in the (z, y)-plane with the coordinate axes fixed relative to the flow has settled down so that 
river bank. Then the water surface flows through fixed points (x,y) with there are no changes in time. 
velocity v(z,y). This surface velocity field can be revealed by watching a He ie stendy Bow: 
floating object such as a small leaf. Then the velocity v(, y) is the velocity 

of the leaf as it passes through the fixed point (z, y). l; 


If you watch a small leaf floating down a river, you may notice two types of 
motion. First the leaf floats downstream following a vector field line of the 
velocity field v(x, y). Then the leaf may rotate in the plane of the surface. v 
The rate of rotation may be quite fast for an object floating near the bank 
of a fast flowing river. However, near midstream the rate of rotation is likely 


“4 “4 
to be slow or zero, even when the surface velocity is fast. s 4 gs 
The rotation of a floating body is easily explained. It happens whenever the 
velocity, and hence the drag, is greater on one side of the object than on 
the other. There is then a torque on the object and so it rotates. Figure 2.1 Figure 2.1 


shows a typical distribution of surface velocities v on a line across a river. 
You can see that the velocity magnitude increases quite rapidly as you move 
out from a river bank, but varies hardly at all near midstream. Hence the 
difference in drag on the near and far sides of a small floating object may 
be quite large near a bank and very small near midstream. 


A rotation about the z-axis is described by a vector w = wk, where the Rotation about an axis was 
magnitude |w| = w describes the angular speed, and the direction of the discussed in Unit 20. 
vector w is at right angles to the plane of rotation in the sense given by the 

screw rule. In the case of the rotating leaf on a river, the direction of the 

rotation is at right angles to the river surface, i.e. parallel to the z-axis. 


131 


Unit 24 Vector calculus 


Perhaps you can now begin to see a relationship between the rotation of a 
small floating object, as described by a vector w, and the curl of the surface 
velocity field curlv. The curl of any two-dimensional vector field on a 
surface is directed at right angles to the surface. Hence w and curl v are both 
vectors directed at right angles to the water surface. Furthermore, curl v 
is built up from the partial derivatives 0v1/Oy and Ov2/0x, which represent 
variation perpendicular to the directions of the corresponding component 
vectors v;i and v2j, and so correspond to rotational motion. Furthermore, 
the angular speed |w| is largest where the downstream surface velocity varies 
most rapidly with distance across the river. In fact, the rotation of a small 
floating body can be modelled quite well by 


w= Acurlv, 


where A is a positive constant that depends on the size and shape of the 
body, the nature of its surface and the properties of the fluid. 


The above relationship applies also in three dimensions and is the basis of 
experimental techniques for exploring the curl of velocity fields in fluids by 
using a neutral density probe, i.e. a small object that can float at a point 
beneath the surface of a fluid without sinking or rising. The magnitude and 
direction of the rotation of the floating probe provide an indication of the 
curl of the velocity at that point. 


In the next example we consider the surface velocity field on a model river, 
calculate the curl of the velocity and confirm that it describes the way a 
small floating object would rotate. 


Example 2.2 


The surface water velocity on a straight uniform river can often be modelled 
by a two-dimensional vector field of the form 


vit,y)=Cza(d—2z)j (0<2#< d), 


where the y-axis is along one bank and points downstream, d is the width 
of the river and C is a positive constant (see Figure 2.2). 


(a) What is the surface velocity at the river banks and at midstream? How 
does the magnitude of the surface velocity change as you move out from 
one bank towards midstream? 


(b) Find the vector field curlv. State the magnitude and direction of curl v 
at the river banks and at midstream. 


(c) Explain why the answers to part (b) are consistent with the idea that 
curlv describes the rate and sense of rotation of a small leaf floating 
on the river surface. 


Solution 


(a) The river banks are the lines x = 0 (the y-axis) and x = d. We find that 
v(0,y) = v(d, y) = 0 and so the river velocity is zero at the banks. At 
midstream, x = 5d. We find v(5d,y) = 4Ca’j. Hence the velocity at 
midstream is directed downstream (i.e. up the page) and is of magnitude 
zcd’. The surface speed increases as you move out from either bank 
towards midstream. 


(b) The components of v are vj = 0 and vg = Ca(d— x). Hence we have 
curl v = (Cd — 2C'x)k. The value of curlv at the bank x = 0 is Cdk. 
The value of curl v at the bank x = d is —Cdk. The value of curl v at 
midstream x = 5d is O. 
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(c) We have found that at « = 0, curlv points in the positive z-direction This corresponds to an 
(vertically upwards). A small floating leaf near x = 0 would rotate anticlockwise rotation, by the 
anticlockwise as it floats downstream, since its outer edge is pulled faster Stew Tule of Unit 4. 
than the inner edge by the flow. Similarly, a leaf near the bank « = d 
would rotate clockwise. This is in accordance with curl v being a vector 
pointing in the negative z-direction at « = d. At midstream, the leaf 
would float without rotating, since both sides of the leaf are pulled 
equally by the flow. This corresponds to curl v = 0 at midstream. MH 


The rotation in the velocity field v described by curl v is the local rotation 
in the field, as measured by the rotation of a small floating object. Local 
rotation should be distinguished from bulk rotation, which is simply the 
movement of material around a circular path. 


There is local rotation, but no bulk rotation, in Example 2.2, since the flow 
is parallel to the y-direction everywhere. There is bulk rotation of water in 
the velocity fields u and v that model the surface velocity of water in an 
emptying bath tub in Exercise 2.3 below, but you will find that there is local 
rotation in only one of them. 


*Exercise 2.3 


The velocity field on the surface of an emptying bath tub can be modelled by 
two functions, the first describing the vigorously swirling vortex of radius a 
in a central region and the second describing the more gently rotating fluid 
outside the vortex region. These functions are 


u(x,y)=w(-yitaj) (Ve FP <a), 
Note that u = v when 


2 ak ° 
v(e,y) = CTD) (eee >a), (22 + y2)'2 = a, 


z+ y? 
where w is a positive constant and the water surface is assumed to lie in the 
(a, y)-plane. Find curlu and curlv. 


*Exercise 2.4 


Express the two vector fields u and v of Exercise 2.3 in cylindrical polar 
coordinates. What shape are the vector field lines of u and v? 


Both velocity fields u and v in Exercise 2.3 have a bulk rotation of fluid 
around a central point, but field v has curl v = 0, showing that there is 
no local rotation in the field v. A small floating object in the region of If you try this experiment 
the field v would float around a circular field line, but would not rotate, next time you have a bath 


i.e. it would maintain the same orientation in space. you will probably see some 
rotation. This is hardly 


In Exercise 2.4 you found that surprising, since the field v is 
war a simple model of the flow 
u(p,0,z) =wpeg (p<a), v(p,0,z)= a. (p = a). that assumes that the flow is 


circular, whereas in reality 
Hence the fields u and v have simple forms when expressed in cylindrical the flow spirals into the plug 
polar coordinates. When we are given a vector field in cylindrical polar _ hole. 
coordinates, it is usually easier to calculate the curl using the cylindrical 
polar form of curl rather than converting into Cartesian coordinates. 
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Curl in polar coordinates 


We shall derive the formula for curl only in cylindrical polar coordinates 
(the method for spherical polar coordinates is similar but the calculations 
are more complicated). First recall that in cylindrical polar coordinates the 
gradient vector is given by 


0 ae 0 
00 *Oz° 


To compute curl F = V x F we must therefore calculate 


a) ii 
Vg a 


0 1 0 a) 
(cope + S00 teg] x (F,e,+ Foea + F, ez), 


00 
and since this is a complicated expression it is sensible to proceed term by 
term. Since e,, eg and e, do not depend on p, the first term is The cross product of any 
a vector with itself is 0 and 
ep— X (Fie, + Foeg + Fez) =e, X — (Foe, + Foeg + Fz ez) e, X eg =e:, 
op dp ey Xe. = ey, 
e, X€, =e. 
ee ee ee 
=e Op “p Op i Op * 
OFo - OF, 
ap” op © 
Next, using the results 0e,/00 = eg, 0eg/00 = —e, and Je, /00 = 0, we 
have 
1 1 7) 
2°00 x (Fe, + Foeg + Fez) = oe x 36 (Fe, + Foeg + F, ez) 
1 OF OFo OF, 
= —e@9 X F —_~ F — 
ra (FE ap c0 + Foee + ay eo — Fee p + He e-) 
10F, 1 1 OF, 
= er “BF paar! 
p ao er nce 0 ep 


In the second line of the calculation above, we used the fact that 0e,/00 = 0 
Finally, since e,, eg and e, do not depend on z, 


0 a) 
25, xX (Fo ep + Foeg + F,ez) =e; X ae (Fuep + Foeg + F, ez) 


Hence the formula, which we summarize below. A more complicated deriva- 
tion provides a corresponding formula in spherical polar coordinates. 
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Curl of a vector field in polar coordinates 


The curl of a vector field F = F(p,0,z) = F,e, + Foeg + Fre, in 
cylindrical polar coordinates is 


_ 10F, OFs OF 5 OF, 
be (- a0 - Ft) ent (Fe - 5) & 


OFy 10F,. 1 
Tr | ey: 
@ a 


The curl of a vector field F(r, 0,6) = Fer + Foe + Fyeg in spherical 
polar coordinates is 


= 1 OFs 1 OFo cot 6 
ae (: 0d—sorsin@ O¢ Fs) i 
OF, 1 OF, 1 
. ( Or + rsin@ 0¢ “Fs me 
OF 10F, 1 
" ( or 7 00 Fo) oe 


As you can see, the full cylindrical polar expression for curl is quite com- 
plicated. However, for vector fields where there is no variation in the z- 
direction, we have the following. 


Curl of a two-dimensional vector field 


The curl of a two-dimensional vector field F = F(p,6) = Fe, + Foes 
in cylindrical polar coordinates is 


Opp poo} 


curl F = ( (2.3) 


Example 2.3 


Use Equation (2.3) to calculate curlu and curlv, where u and v are the 
velocity fields in cylindrical polar form that you found in Exercise 2.4. 


Solution 


For the field u, we have up, = 0, ug = wp. The only non-zero partial deriva- 
tive is Oug/Op = w. Hence 


curlu = (« + 2) e, = 2Qwe, = 2wk. 
p 


Similarly, we find, vp = 0, vg = wa? /p. Hence the only non-zero partial 


derivative is Ovg/Op = —wa?/p”. Hence 
2 2 
curly = (- se ~) ssi: 
sp 


These results agree with those of Exercise 2.3. 


Section 2. Curl of a vector field 
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End-of-section Exercises 


*Exercise 2,5 — 
Find curl F, where F(z, y,z) = 2(y — z)i+ 3x2j + yzk. Determine curl F 
at (a) the origin, (b) the point (1, 2, 3) and (c) the point 5 units from the 
origin on the positive z-axis. 


Exercise 2.6 


The Earth rotates about its north-south axis at the rate of 27 radians per 
24 hours. This rotation has angular velocity w = wk, where the unit vector 
k points from south to north and w = |w| is the angular speed. The velocity 
of a point inside the Earth or on the Earth’s surface is given by 


V¥=wxr (|r| <2), 
where r is the position vector of the point measured from an origin O at the 
Earth’s centre and R is the Earth’s radius. 


(a) Express the vector field v in Cartesian coordinates, taking the z-axis to 
be directed from south to north along the axis of rotation. 


(b) Find curlv and determine its magnitude. 


(c) Comment on the relationship between the magnitude and direction of 
curlv, and the rate and sense of rotation of your home. 


Exercise 2.7 


Show that any vector field of the form F = f(x)i+ g(y)j, where f is a 
function of x only and g is a function of y only, has zero curl everywhere. 


3 The scalar line integral 


Scalar line integrals occur whenever we sum scalar values along a line or 
along a curve in space. An important example of a scalar line integral is the 
work done by a force. Subsection 3.1 defines the work done by a force acting 
on a particle moving along the x-axis. This definition is then generalized 
to motion along a curve in space. In Subsection 3.2 we show that the work 
done by the force is a scalar line integral of the force vector along the curve, 
and we also show how scalar line integrals are evaluated. 
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We shall often refer to scalar 
line integrals as just ‘line 
integrals’. 


3.1 Work done by forces 


We begin with a one-dimensional problem in which a particle is acted upon 
by asingle force F. Suppose a constant force Fi accelerates a particle of mass 
m in the direction of the positive x-axis. If agi is the constant acceleration of 
the particle, xi its initial position, and vo its initial speed, then the position 
xi and velocity vi of the particle are related by the constant-acceleration 
equation 
vu? = vp + 2ao(x — 20). 

Multiplying by 5m and rearranging gives the energy conservation equation 
(3.1) 


In Unit 8 this equation was interpreted as stating that the gain (or loss) 
of kinetic energy equals the loss (or gain) of potential energy. Here we are 
interested in two other ways of interpreting Equation (3.1). First, since both 
the force and the displacement of the particle are directed along the z-axis, 
the right-hand side is just the dot product of F = Fi and (x — 29)i, so 


smu” — 4mvs = mao(zx — x0) = F(x — 20). 


mag(% — £9) = F(x — 49) = F- (4 — zo)i. 


Secondly, since F’ is a constant and the particle is moving in a straight line 
from xg to a general position x, we can write 


P(e 0) = [ Fdz, 
xO 


so that the right-hand side of Equation (3.1) is just the integral of F’, along 
the x-axis, from 29 to x. We call this integral the work done by F in moving 
the particle along the straight line from x9 to x. 


You can see from this that the work done by the force is equal to the gain in 
kinetic energy of the particle. For a stone falling a distance h from rest, the 
constant force of gravity, Fyi = mgi, does work Fyh = mgh, which is equal 
to the loss of gravitational potential energy. The work done by the force is 
equal to the amount of gravitational potential energy that becomes kinetic 
energy. 


We now generalize the work integral, i F' dz, to motion that is no longer 
confined to the z-axis but is either two-dimensional, along a path in a plane, 
or is in three-dimensional space. In general the force F will be acting at 
points r = zi+ yj + zk in space and we use the notation F(r) instead of 
F(x, y,z). We calculate the work done by any force field F(r) which depends 
at most on the position vector r. Thus we exclude, for example, forces that 
depend on velocity, such as friction, or forces that depend explicitly on time 
as well as position. 


We start with Newton’s second law, mit = F(r), for a particle of mass m. We 
take the dot product of both sides of the equation with the velocity r = dr/dt 
to give mr-r = F(r)-r. Since d(r-r)/dt = 2%-r, this is equivalent to 
5m d(r -t)/dt = F(r)-+r. We then integrate both sides of the equation with 
respect to time over the interval from tg to tj. Thus with vo = r(to) and 
vi =1r(t1) we obtain a generalized form of Equation (3.1), 


oh dr 


F(r) - — 


1 1 = 
5 IMV1 "Vi 5 INVvo “Vo =| 
0) 


(3.2) 


Section 3 The scalar line integral 


You met problems of this sort 
in Unit 6. If F is constant 
then so is the acceleration agi 
and F = mao. 


See Subsection 1.2 of Unit 6. 


Here h = & — Xo, g = ap and 
vo = 0 in Equation (3.1). 


We ignore all other forces 
such as air resistance acting 
on the stone. 


Since it is based on Newton’s 
second law, Equation (3.2) is 
only valid when F is the 
resultant force on the 
particle. However, when there 
is more than one force acting 
simultaneously we can still 
define the work done by each 
force separately by an integral 
of the form of Equation (3.3). 
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where the left-hand side is the change of kinetic energy and the definite 
integral 
ty d 
w=] F(t): dt (3.3) 
to dt 
is the work done by the force F when the particle moves along a path 
described by the position vector r(t), in the interval from time to to fy. 


Consider again the case of a particle moving in the positive direction of the 
z-axis, so that r = xi and r = i, but now we allow the magnitude of F to 
vary so that F = F'(x)i. Suppose the particle is at x = a at time to and at 
x = b at time t1, as shown in Figure 3.1. Since the force F depends at most 
on position x, and not on other variables such as velocity, or explicitly on 
time, the work done by the force, from Equation (3.3), is 

a dr / a dx 1 dx 

t 


W= F(r)- 7, dt= F(a)i+ aidt = F(a)], dt 


0 to 


- [ P(e) da. (3.4) 


Example 3.1 


A particle moves along the x-axis from x = 2 to x = 5 under the action of a 
force F'(x)i given by 


F(x) = —100(z — 1). 


Determine the work done by the force and the change in the kinetic energy 
of the particle. 


Solution 


To calculate the work done we can use Equation (3.4), obtaining 
b 5 
wf Fa\de= 100 (a — 1) dx 
a 2 


= -100 [42 — 2]; = —750. 


Hence the work done by the force is 750 J as the particle moves from x = 5 
to x = 2. Assuming F’(z)i is the resultant force acting on the particle, the 
change in the particle’s kinetic energy is —750J. 


Exercise 3.1 


The force on a particle of mass m moving on an interval of the z-axis is 


F(x)i= Si (a #0), 


where A is a positive constant. Determine the work done by the force when 
the particle moves from x = 3 to x = 1, and hence find an expression for 
the speed v of the particle when it is at x = 1, given that its speed at x = 3 
was u. 
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The case of a varying force 
accelerating a particle along 
the w-axis was considered in 
Section 1 of Unit 8. 


Figure 3.1 


We use SI units. 


The SI units of work (work 
done) are the same as those 
of energy (joules). 


Before we give the details of a general method for evaluating integrals like 

that in Equation (3.3), for the work done by a force, let’s first consider two 

special cases when the integrand, and hence the work done, is zero. 

(a) F = 0, which makes sense, since if the force is zero it can do no work. 

(b) F and dr/dt are perpendicular so that F - dr/dt = 0. Since the velocity 
vector dr/dt points along the tangent to the curve at each point, only the 
component of the force in this direction contributes to the work done. 
Hence no work is done if the only force is perpendicular to the direction 
of motion. 


An example of (b) is provided by a particle moving at constant speed along 
a circular path. In this case the force is directed along the radius, towards 
the centre; it therefore has zero component along the tangent to the circle 
at any point and hence does no work. Other examples of situations where 
forces always act at right angles to the path of a moving particle, and hence 
do no work, are the tension force in the string of a simple pendulum or the 
normal reaction on an object moving on an inclined plane. 


The parameter t (for time) appears in Equation (3.3) because it is often a 
convenient way of parametrizing the path of the particle. We could equally 
well describe the path in terms of another parameter, such as the distance s 
from the point where r = r(to). For this reason we normally write Equa- 
tion (3.3) symbolically in parameter-free form as 


ve [Fe (3.5) 


where C’ is the path of the particle. However, when we need to evaluate 
Equation (3.5), we express the path in terms of a suitable parameter, 
usually ¢ (which may or may not represent time), so that it once again takes 
the form of Equation (3.3). 


To evaluate Equation (3.3) with the dot product in the integrand expressed 
in Cartesian form, we need to know the functions F(r) and dr/dt. Now for 
r(t) = z(t)i+ y(t)j + z(t)k, we have 


dr d dx, dy dz 
ar k : ; ic 
ae a a ae 
and we can express the components of F(r) at any point on C as func- 


tions of t. For example, F)(r) = F(r)-i= Fi(z,y, z) = Fi(z(#), y(t), 2(t)) = 
F(t), and so 


F(t) = Fy(t)it+ Fo()j+ F3()k on C. 
Thus the integrand in Equation (3.3) is 


Work done by a force 


The work done by a force F(r), given in Cartesian coordinates, in 
aoe a particle along a path C, given by r = r(t) from r(to) to r(t1), 


w= [ro)-a= |" (noZ+not+nOZ)a. 30) 


0 


Thus we have expressed the work done by a force as an ordinary definite 
integral which we can try to evaluate by standard integration techniques. 


Section 3 The scalar line integral 


See Unit 20. 


You considered t as a 
parameter for the position 
vector r in Unit 6. 


Notice that in employing a 
parameter we also abuse 
notation by reducing a 
function of three coordinates 
F(r) to a function of one 
parameter F(t) where r is 
restricted to C. 
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Example 3.2 
Find the work done by the force 
F = yzi+ zaj+ cyk 


when it moves a particle from the point (0,0,0) to the point (3,1,1) along 
the curve C given by r = 3ti+ t?j + t°k, from to = 0 to ty = 1. 


Solution 
The components of r in terms of t, i.e. the parametric equations for C,, are 

c=3t, y=t’?, z=t?, where t goes from to = 0 to ty = 1, 
so differentiating these equations yields 

o =3, oY =o, o = 30? 
The components of F in terms of t are 

FL =yz= &, Fo=ze=—3t*, Fe= ry = a 
Substituting into Equation (3.6) gives 
wf F-dr = [38 +60 + 90% a 7 [ise a- is [de], =3. 

C 0 0 

*Exercise 3.2 
Find the work done by the force 

F = (22+ y)i- aj 


as it moves a particle from the point (2,0) to the point (0,2) along the 
quarter-circle C, shown in Figure 3.2. The quarter-circle has centre at the 
origin and radius 2, and can be parametrized by the equations 


x=2cost, y=2sint, z=0, where ¢ goes from tp = 0 to ty = 4. 


Sometimes a curve in the (x, y)-plane is specified by an equation y = f(z). 
We can then effectively use x as the parameter t in Equation (3.6). 
Example 3.3 


Find the work done by the vector field F = (2x + y)i — aj acting along the 
straight line C2, specified by the equation y = 2 — x, from the point (2,0) 
to the point (0,2) (see Figure 3.2). 


Solution 
We put x =t, and the parametric equations for C2 are 
L=t, yo=2-—7, £=0, 
where t runs from tp = 2 to t; = 0 (see Figure 3.2). Then we have 
fete yg a244, Fo or=—7 
da 1 dy _ 


dt dt 
Substituting into Equation (3.6) yields 


—1. 


0 0 
W = Fe) -ar= f (2+) + (ya = f (2t+2)dt=-8. 
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UA 


Ch 


C2 


Figure 3.2 


The force F is the same as 
that in Exercise 3.2. 


RY 


Exercise 3.3 


Find the work done by the force F = z?i + ryj acting along the parabolic 


segment C specified by the equation y = 1 — x? from the point (1,0) to (0, 1) 
(see Figure 3.3). 


Of course there are many paths joining any two given points. 


*Exercise 3.4 


Find two different paths between the points (0,0,0) and (1,1,1), giving 
parametrizations for each. 


A parametrization of a particular curve is not unique, nor does the work 
done depend on the parametrization. 


*Exercise 3.5 
The straight line C2 in Example 3.3 can be parametrized by the equations 


g=21—7), yw=2t, 2=—0, fort irom 0 te 1. 


Find the work done by the force F = (27 + y)i — aj using this parametriza- 
tion, and compare your answer with that found in Example 3.3. 


3.2 Scalar line integrals 


You have seen that the work integral in Equation (3.3) may be written as 


W = [F@)-e, 


where C specifies the path (or directed curve) along which the particle moves, 
and r is the position vector of points on C. You can think of the dot 
product between the force F(r) and the symbol dr in Equation (3.7) as 
representing the fact that we are integrating only the component of the 
force parallel to the tangent to the curve in the direction of motion. This 
is illustrated in Figure 3.4, which shows a very short segment PQ of the 
curve C’. The displacement dr; = rg — rp is nearly parallel to the tangents 
to the path along this segment, and the work done by the force along PQ is 
approximately the dot product F(r;) - 6r;, where F(r;) is the force vector at 
some point r; on PQ. If we divide C up into N such short segments, then 
adding up the approximations for the work done along all N segments, we 
obtain an estimate for the work done by F as it acts along the whole of C, 
that is, 


(3.7) 


N 


We S> F(ri) : OF;. 


i=1 
The approximation becomes exact in the limit as N — oo and each |dr;| — 0 
to give 


N 
W= Jim YOR) or = [FC ar 


Section 3 The scalar line integral 


Figure 3.3 


This is Equation (3.5). 


F(r, 
P 
-w 
Q a i S 
» a 
fs 
y 
/ 
rp 
TQ 
O 
Figure 3.4 


The connection between the 
limit of a sum and integration 
was introduced in MST121 
Chapter C2. 
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The work integral, Equation (3.3) or Equation (3.7), is an example of a 
scalar line integral of a vector field. We can form the scalar line integral of 
any vector field F(r) along a path C. 


Definition 


The scalar line integral of a vector field F(r) along a path C, given 
by r =r(t) from r(to) to r(tz), is 


[Fe ae [ F(t) - oat 


0 


The physical interpretation of the scalar line integral will depend on the 
nature of the particular vector field F(r) being considered. We shall only 
consider the case of force fields, where the scalar line integral represents the 
work done by the force. 


The path C in a scalar line integral is a directed curve (with starting point 
A and endpoint B). It is often convenient to denote the scalar line integral 
by writing it as [,,F(r)-+dr where the order AB indicates the direction 
along the path. 


We could choose to traverse the same path but in the opposite sense, starting 
at B and ending at A. This would reverse the direction of each displacement 
or in Figure 3.4 and therefore change the sign of the scalar line integral. Thus 
we have 


is ae I. Fiz) sae. (3.8) 


Line integrals can be evaluated along segments of open curves where the 
starting point A and the endpoint B are distinct points, as in the examples 
above, or around closed curves. The straight line and quarter-circle of Fig- 
ure 3.2 are examples of open curves. Suppose now we reverse the direction 
of the straight line segment in Figure 3.2. Then the reversed line segment 
together with the quarter-circle make the closed curve shown in Figure 3.5. 
We can traverse this closed curve in an anticlockwise sense, APBQA, by 
starting at point A, moving along the quarter-circle via P to B, and return- 
ing along the straight line BA via Q. The line integral of a vector field F 
for one complete anticlockwise traversal of this loop is the sum of the two 
line integrals. We can write this as 


fea / Pedr+ [ F - dr, 
C APB BQA 


where the circle on the integral sign indicates that the path C is closed. The 
sense of each of the two line integrals on the right-hand side of the above 
equation, that is, the direction along the path, is indicated by the order of 
the letters: APB and BQA. 


Example 3.4 


Evaluate $F + dr, where F = (2x + y)i— aj and C is the closed curve 
APBQA shown in Figure 3.5. 
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Note that ¢ may be any 
parameter, not necessarily 
time. 


We indicate the direction by 
an arrow in diagrams, e.g. 
Figures 3.2 and 3.3. 


Closed curves are also 
referred to as loops. 


UA 
2 B 
P 
Q 
A(2, 0) 
O 9 F 
Figure 3.5 


Section 3 The scalar line integral 


Solution 


We sum the line integrals along the two segments APB and BQA of the loop. 
The line integral of F along the quarter-circle C; (= APB) was evaluated 
in the solution to Exercise 3.2, where you obtained Son F-dr = —4 — 2n. 
The line integral along the straight line Cp (= AQB) was evaluated in 
Example 3.3 where we obtained [ AQB F-dr = —8. But we want the line 
integral along BQA, i.e. along the same straight-line segment but in the 
opposite direction. Using Equation (3.8), we just change the sign to obtain 
Seqa¥ + ar = 8. Thus 


ppid=/ Pedr+ | F-dr=—4-—-27+8=4-27. EH 
C APB BQA 


*Exercise 3.6 


Evaluate the scalar line integral of the vector field G = x7i + yj along each 
of the paths C; and C2 specified in Figure 3.2. (Use the parametrizations 
of Exercise 3.2 and Example 3.3, respectively.) Evaluate also the scalar line 
integral of G around the closed curve APBQA in Figure 3.5. 


Example 3.5 


A force F acts along a path C of length L. The tangential component F; of 
F is constant along C. Show that the work done by F is F;L. 


Solution 


The component of F normal to C does no work since it is perpendicular to 
the tangent to C’. So, if the parameter / measures the length along C' from 
lo =O tol, = L, F, = F - dr/dl, and the work done, W, is given by 


ly 
w= | Pear=f (F- 5) dl 
C it dl 
d 


1 L 
a ral= | Fd=F,L. @ 
0 


lo 


*Exercise 3.7 


Evaluate the scalar line integral of each of the two vector fields u and v, 
given below, around the closed circular path C of radius a centred on the 
origin and defined by the parametric equations 


z=acost, y=asint, where t goes from 0 to 27. 


(a) u(z,y) = (eit yj)/(x? +”) 
(b) v(x, y) = w(—yi + xj), where w is a positive constant 


You may have spotted that the line integrals in Exercise 3.7 can be evalu- 
ated without explicitly carrying out an integration, since in each case the 
tangential component of the vector field is constant everywhere on the circle. 
This is obvious in part (a), since xi+ yj =r is the position vector, which 
points radially outwards everywhere, and is therefore always perpendicular 
to the tangent to any circle centred on the origin. Hence the tangential 
component of u is zero everywhere on the circle, and the line integral is 
zero. It’s not so obvious in part (b), but you can see that r-v =0, and _ The field lines of v are circles 
centred on the origin. 
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so the field v is at right angles to the position vector and is therefore di- 
rected tangentially to the path. Also the field v has a constant magnitude, 
w((—y)? + x?)!/2 = wa, on the circle. Thus the line integral of v for one 
complete traversal of the circle is wa x 27a = 2wra?. When evaluating line 
integrals you can sometimes spot that the tangential component of the vec- 
tor field is constant and, as this example shows, obtain the value directly 
using the result of Example 3.5. 


Exercise 3.8 


Evaluate the scalar line integral of the vector field v defined in Exercise 3.7 
along the z-axis from zt = 1 to x = —1. 


3.3 The length of a curve 


Consider the scalar line integral of the vector field F along the curve C' given 
by r=r(t) from r(to) to r(t1), defined by 


[¥@)-@= [ F(t)» Fat, 


where t represents time. The expression r(t) represents the point on the 
curve corresponding to time t, and dr/dt represents the velocity of the point 
as it moves along the curve. Now consider what happens when we choose 
the vector function 

re) 
which represents a unit vector in the direction of the velocity vector r(t). In 
this case 


F(t) [= SS -i() = 


and the scalar line integral becomes 


[re-a= [woe ['f(2)+(8) a 69 


This gives the length of the curve C between the two points r(to) and r(t,). 
Indeed, one can see this intuitively by considering what happens to the point 
which is currently at r(t) during a small interval of time dt. During this time 
the point will move along the curve by a distance approximately |r(t)| dt, 
and so the length of the curve is approximated by the sum 


>, [r's(t)| Ot. 


Allowing the intervals 6t; to shrink to zero in the usual way, we can replace 
the sum by an integral that is precisely Equation (3.9). Let us check this in 
an example. 
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Example 3.6 
Find the length of a semicircle of radius 1. 
Solution 


Take the centre of the circle to be at the origin, and consider the semicircle 
as lying in the upper half-plane (y > 0). Then a suitable parametrization 
is given by x = cost, y=sint, (0<t< 7). Thus r(t) = costi+sintj, and 
r(t) = —sinti-+ costj. 


Therefore 
|r| =1, 
and the integral in Equation (3.9) is 


| ldt = 17, 
0 


which we know to be the correct answer. 


Exercise 3.9 
Find the length of the curve given by 
S= 1, y = —In (cost) (0<t< 7/4). 


End-of-section Exercises 


Exercise 3.10 


Evaluate the scalar line integral of F = 2xi+ (xz — 2)j + xyk along the path 
C from the point (0,0,0) to the point (1,1, 1), defined by the parametrization 


g=t, y=, z= (0<t<1). 


*Exercise 3.11 


Determine each of the following line integrals, which you can do without 
explicitly carrying out an integration. 


(a) The line integral of F = z?j along the a-axis from 2 = 1 to x = 2 


(b) The line integral of F = 5k along the z-axis from z = 0 to z =6 


The scalar line integral 


(c) The line integral of F = r?eg on a semicircle in the (x, y)-plane centred _ F is given here in plane polar 
on the origin and of radius 3. coordinates. 


*Exercise 3.12 


Evaluate the scalar line integral of F = «?i+ xyj on the parabolic segment 


C specified by the equation y = 1 — x? from the point (1,0) to (0,1). See Figure 3.3. 
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4 Linking line integrals, curl and gradient 


In this section a connection is established between the properties of scalar 
line integrals of a vector field and some of the properties of scalar and vector 
fields that you met in Unit 23 and earlier in this unit, in particular the 
curl of the vector field. Subsection 4.2 shows how the properties of scalar 
line integrals are used for classifying vector fields as conservative or non- 
conservative. 


4.1 Line integrals and curl 


In this subsection we are going to make important links between line inte- 
grals, the curl of a vector field, potential functions and the gradient of a 
scalar field. The curl of a vector field was defined in Section 2 in terms of 
partial derivatives. In fact, it is also possible to define the curl of a vector 
field in terms of line integrals. This we do below, and in the next subsection 
you will see that it leads to the curl test for conservative fields. 


Figure 4.1 shows a closed curve C’ in the (z, y)-plane enclosing a point P. 
Let the area enclosed by the curve be A. Consider the line integral of an 
arbitrary vector field F = F\i+ F5j for one complete anticlockwise traversal 
of the curve, then divide the value of the line integral by the area inside the 
curve to obtain the quotient 


1 
—-_d¢ Fed. 
Q af. dr 


In general, the value of Q might be expected to depend on the size and 
shape of the loop enclosing P. But suppose we consider a sequence of loops 
of smaller and smaller area A, all enclosing P. We then find that the limit 
of Q for A — 0 is independent of the shapes of the loops and of how the 
limit is approached, and depends only on the location of the point P, and 
of course the vector field F. Furthermore, and here’s a surprise, the limit 
turns out to be something familiar: 


ae _ OF, OF, 
tim, (5 f Far) ie ga 


where the partial derivatives are evaluated at P. You will recognize the 
right-hand side as the z-component of curl F at P. In other words, we have 


jim € fr . ir) =k-curlF. (4.1) 


By considering loops in the (y, z)-plane and in the (z, z)-plane, we can obtain 
similar relationships for the x- and y-components of curl F. 


We shall not prove these results for the general case, but ask you to confirm 
that Equation (4.1) is true in a particular case. 
Exercise 4.1 


Consider the vector field v = w(—yi+ xj), where w is a positive constant. 


= 


1 
(a) Evaluate lim (5 ¢ F- ir) for anticlockwise traversal of the circle C 
Cc 


of radius a centred on the origin. 


(b) Evaluate curlv and k-curlv. 
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Figure 4.1 


These results are special cases 
of Stokes’ Theorem relating 
the curl of a vector field to 
the integral of the field 
around a closed curve. 


The line integral is evaluated 
in the solution to 
Exercise 3.7(b). 


Section 4 Linking line integrals, curl and gradient 


It can be shown that if curl F = 0 at all points in a vector field then to F-dr 
must be zero for any closed curve C’, and vice versa. You will see later how 
to make use of this idea, but first we consider how to link line integrals with 
energy conservation, and the idea of a line integral being independent of the 
path along which it is evaluated. Suppose a particle can move along paths 
in the two- or three-dimensional domain of a force field F(r). In general, 
a particle may move from one fixed point A to another fixed point B via 
an infinite number of different paths, and so we might ask: does the work 
done by the force depend on the particular path taken from A to B? You 
will see that if the work done by the force is independent of the particular 
path, then we can define a potential energy function and mechanical energy 
is conserved. 


In Example 3.3, we found that the line integral of the vector field 
F = (22 + y)i— aj on the straight line C2, from the point (2,0) to the point 
(0,2), has the value —8; but in Exercise 3.2 you found that the line integral 
of the same vector field along the quarter-circle C; between the same two 
points (2,0) and (0,2) is —27 —4. In other words, the value of the line in- 
tegral of the vector field between the two points depends on the actual path 
taken between the two points. The line integral of F is path-dependent. 
This is not surprising, since different paths between two fixed points will 
sample different vectors. 


In Exercise 3.6, on the other hand, you found that the line integrals of the 
vector field G = x7i + yj between the same two points have the same values 
for each of the two paths C, and C%. In fact, the line integral of G between 
any two fixed points has the same value for any path between those two 
points. The line integral of G is path-independent and depends only on 
the starting point and endpoint of the path. 


We now turn to an idea you met in Unit 23, that of the gradient vector. 
Suppose that the line integral of a vector field F(r) is path-independent. 
Given an origin O, we can define a scalar function U(r) at every point P 
with position vector r in the domain of F, by putting 


0 ee 


where OP is any path C from the origin O to P (see Figure 4.2) and 
the minus sign is a conventional choice consistent with U being a potential 
energy when F is a force field. Then, for any two points A and B in the 
field, 


[,F o [.F = Le ‘dr = —(U(rp) — U(ra)), 


where U(r4) and U(rg) denote the values of U at the points A and B, 
respectively. The scalar function U(r) is a scalar field called a potential 
field or simply a potential of the vector field F. 


(4.2) 


When the vector field F is a force acting on a particle, the potential field UV 
is the potential energy of the particle. Note that only differences of potential 
are defined by Equation (4.2). As in one dimension, we can choose the value 
of the potential field to be zero at any convenient point (the datum). In this 
case, the datum is the origin O. 


In fact, we require curl F = 0 
on some simple region, with 
no holes in it, before we can 
show that 


f Pedr=0 
Cc 


for any closed curve C' within 
the region. 


RY 


O 


Figure 4.2 


The potential energy of a 
particle was discussed in 
Unit 8. 
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Example 4.1 
A potential of the two-dimensional field F = 2xi — yj is 


U(r) = U(a,y) = -(a? — 24°). 


2 
Determine the line integral of F along a path from the origin to the point 
ta, 7) : 
Solution 


Using Equation (4.2), the line integral of F is given by 
— (U(-3,7) — U(0,0)) = —(-((-3)* - 5 x 77)-0) =—3. & 


We can show that any scalar field U is a potential of the vector field 
—grad U, by evaluating the line integral Jo(-grad U)-dr. We use the 
Cartesian form of grad U, 


rad U = OU le + a 
. Ox dy? Oz 
in Equation (3.6). Thus 


1 (/O0Udx OUdy OU dz 
— d . — . 
[i Spat eae i: (5 dt - Oy dt Oz a) a 


The integrand is the expression for dU/dt as given by the Chain Rule. So The Chain Rule was 


k, 


we have discussed in Unit 12. 
4 dU 
: (—grad U)-dr = dt = —(U(t1) — U(to)). Notice again the abuse of 
Cc to dt notation. Since r = r(t), U(r) 


Comparing this result with Equation (4.2), you can see that the scalar field becomes U(t). 


U is a potential of the vector field F = —grad U. If we now choose a datum 
at the origin, we have 


F(r) =—grad U and U(r) = -{ F - dr, (4.3) 

OP 
where r is the position vector of P, any point in space. These statements 
generalize, to two and three dimensions, the one-dimensional relationships 


F(a)= and U(a)= -{ F(a) da, See Unit 8. 
0 


where a is any point on the z-axis. 


*Exercise 4.2 


Given that the line integral of the field F = 2xyzi+ 27zj + x?yk is path- 
independent, find a potential function U(2, y, z) for F. 


In Subsection 3.1 we considered the one-dimensional case of a force Fi 

accelerating a particle along the z-axis, and showed that the work done 

by the force is equal to the change of kinetic energy of the particle. By 

combining Equations (3.4) and (4.2) we can see that, when F’ depends on 

position x, we are able to express the work done by the force as minus the 

change of potential energy. Furthermore, Equation (3.2) shows that the work 

done equals the gain in kinetic energy. Thus for any force F(x)i that acts 

parallel to the x-axis and depends only on position x, the total mechanical Compare the discussion in 
energy is conserved. Unit 8. 
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We now have several links between line integrals of a force F, path inde- 
pendence, the curl of F, a potential for F and conservation of mechanical 
energy. So in the next subsection we tie all these ideas together with the 
various definitions of a conservative vector field. 


4.2 Conservative vector fields 


We classify vector fields according to whether their line integrals are 
path-dependent or path-independent. Those vector fields for which all the 
line integrals between all pairs of points are path-independent are called 
conservative fields. If there is at least one pair of points for which the 
line integrals of the vector field are path-dependent, then the vector field is 
non-conservative. 


Conservative fields: Property (a) 


The line integral of a conservative vector field along a path between 
any two fixed points A and B depends only on the starting point A 
and the endpoint B of the path. It is independent of the actual path 
taken between the two points. 


Note that in one dimension, where the particle is restricted to the z-axis, 
the only possibility for varying the path between two fixed points x = a and 
x = b is when the particle overshoots into the regions x > b or x < a (see 
Figure 3.1). But then the particle always has to reverse back through these 
regions to reach x = a or x = band so the net contribution to the line integral 
from these forward and reverse motions vanishes. So all one-dimensional 
vector fields F'(x)i that depend only on position x are conservative. 


It follows from the above property that if you are asked to evaluate the line 
integral of a conservative field between any two given points then you are 
free to choose the path that produces the simplest possible evaluation. 


Example 4.2 

Given that the vector field F = 2xi — yj is a conservative field, evaluate the This field was considered in 
line integral of F from the origin to the point (2,0). Example 4.1. 

Solution 


We are free to choose the path for a conservative field. The simplest path 
to take is the segment of the z-axis from « = 0 to x = 2. This path can be 
parametrized by 


c=i, g=0, Was 2), 


and so dx/dt = 1 and dy/dt = 0. The components of F on the path are 
FPF, = 2x = 2t and Fy = —y = 0, so 


2 
[ra=| 2tdt=4. 
Cc 0 
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The line integral of a conservative field around any closed curve is zero. To 
see this, consider the loop in Figure 4.3. The two points A and B divide the 
loop into two segments, an upper segment APB and a lower segment AQB. 
We know that the line integral of any conservative field F from A to B has 
the same value for both segments, i.e. 


| F-dr= / F - dr. 
APB AQB 


Now the line integral for one complete anticlockwise traversal of the loop, 
starting and ending at A, consists of the line integral along APB plus that 
along BQA, 


¢ Pedr = [ Pedr+ [ F - dr. 
APBQA APB BQA 


But we know from Equation (3.8) that 


Pedr=— [ F - dr. 
BQA AQB 


Hence 


¢ F-dr=0. 
APBQA 


A similar argument applies to any other loop in the domain of F. 


This gives us another important property of a conservative field. 


Conservative fields: Property (b) 


The line integral of any conservative field F around any closed curve 
C is zero, 


pr -dr = 0. (4.4) 


Note that the line integral of a conservative field must be zero for all possible 
loops in its domain. If just one loop has a non-zero line integral, that is 
sufficient to make the field non-conservative. 


*Exercise 4.3 


State which of the two vector fields u and v in Exercise 3.7 is definitely 
non-conservative. 


How can we tell whether or not a given vector field is conservative? To 
use Property (a) we should need to know that all the line integrals between 
all possible pairs of fixed points are path-independent. It’s obviously not 
practicable to evaluate all possible line integrals. Alternatively, we could 
think of using Property (b), but this would seem to require us to evaluate 
the line integrals around all possible loops! What we need is a simple test for 
a conservative field. What about the result involving curl that we illustrated 
via Equation (4.1)? Let’s see how this relates to conservative fields. We know 
that all line integrals around closed loops are zero if F is a conservative field. 
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Hence, from Equation (4.1) and the corresponding x- and y-components, 
curlF must be zero for any conservative field. 


Conservative fields: Property (c) 


If F is a conservative field then curl F = 0. (4.5) 


Property (c) holds for all conservative fields, but it doesn’t provide us with a 
sufficient test for conservative fields. Perhaps there are vector fields F with 
curl F = 0 that are non-conservative? However, it can be shown that the 
converse of Equation (4.5) is also true. 


Curl test for a conservative field 


If curl F = 0 then F is a conservative field (provided the domain of F 
is simple). 


We can use the curl test to show that if F = —grad U for some scalar field U, 
then F is a conservative field. This follows from Exercise 2.1(d) where you 
found that curl(grad U) = 0 for any scalar field U. 


Conservative fields: Property (d) 


Any vector field that is a gradient, is conservative. Conversely, any 
conservative vector field can be expressed as a gradient of a scalar 
field. 


Using Equation (4.3) we can express this last property in terms of potentials. 


Conservative fields: Property (e) 


For a conservative field F and fixed origin O (the datum), there 
exists a unique potential field defined by U(r) = — JopF- dr with 


F = ~—grad U, where OP= i 


Property (e) tells us that we can determine line integrals of a conservative 
field simply by finding its corresponding potential field and using Equa- 
tion (4.2), as we did in Example 4.1. What is more, Property (e) combined 
with Equation (3.2) shows that mechanical energy, being the sum of ki- 
netic and potential energies, is conserved when a particle is acted upon by 
a conservative force field. 


We shall not prove this 
statement or define what is 
meant by the domain being 
‘simple’, beyond showing an 
example (in Exercise 4.8) 
where the curl test fails. For 
all other cases in this course 
you may assume that the curl 
test is a sufficient test for a 
conservative field. 


For a different datum, the 
potential field will differ from 
U by a constant. 


151 


Unit 24 Vector calculus 


*Exercise 4.4 


(a) Use the curl test to determine which of the following vector fields are 
conservative. 


h=vcri+ yj 
u = w(—yi+2j), where w is a positive constant 
F = 2zi+ (az — 2)j+ cyk 


(b) Show that curl G = 0 for G = kr"r, where k and n are non-zero con- 
stants, r= zi+yj+ 2k, r=|r| andr=r/r (r 40). 


The vector field G (for any n or k) in Exercise 4.4(b) is directed radially, di- 
rectly towards or away from the origin depending on the sign of the constant 
k. Such fields are called central fields. You have found that curlG = 0 
and, though the domain of G is not simple if n < 0 (since G cannot be 
defined at the origin), it can be shown that all central fields are conserva- 
tive. For example, the force of gravity near a large spherical object such as 
a planet or a star is always directed towards the centre of the sphere. Thus 
the force of gravity is a central field and is therefore conservative. We can 
use the law of conservation of mechanical energy for conservative forces for 
any problem involving gravitational forces only; for example, the motion of 
planets around the Sun or the motion of artificial Earth satellites. 


We can express the law of conservation of mechanical energy as 
smvz— 5mv4 = U(ra) — U(rp), (4.6) 


where the left-hand side is the change in kinetic energy when the body moves 
from A to B, with position vectors r4 and rg, and the right-hand side is 
minus the change in potential energy. 


Exercise 4.5 


The gravitational potential energy field of a body of mass m in the vicinity 
of the Earth is given by 


ury=mor(1- =) (rl> 2), 


where the position vector r of the body is measured from the centre of the 
Earth, g is the magnitude of the acceleration due to gravity at the Earth’s 
surface, R is the Earth’s radius and the datum is on the Earth’s surface. 
Derive an expression for the Earth’s gravitational force F(r) on the body. 


Example 4.3 


An Earth satellite moves in an elliptical orbit with its nearest and furthest 
points from the Earth’s surface being 5k and 2R where RF is the Earth’s 
radius. If its slowest speed is u, find its fastest speed. Assume that the only 
force acting on the satellite is the Earth’s gravity. 
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This equation is a 
combination of 
Equations (4.2) and (3.2). 
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Solution 


Gravity is a conservative field and so mechanical energy is conserved through- 
out the motion of the satellite. The potential energy function U is given 
in Exercise 4.5. We can use the law of conservation of mechanical energy, 
Equation (4.6), with A the furthest point of the satellite, |r4| = 3R, and B 
the nearest point, |rg| = 3R, measured from the centre of the Earth. Then 
the speed at A is given, v4 = u, and we need to find vg, the speed at B. 
Thus 


smupB — smu" = U(r,) — U(rg) 


= mart( (1-9) - (1-3R) 


= zmgR. 


Hence the fastest speed is vg = \/u?+2gR/3. 


All central fields are conservative, but not all conservative fields are 
central fields. Consider, for example, the two-dimensional vector field 
F(r) = —2pzi — pyj, where p is a constant. The vector F(r) at any point is 
not, in general, parallel to the position vector r = xi+ yj at that point, and 
so the field is not a central field. However, this vector field is conservative, 
as you can confirm in the next exercise. 


*Exercise 4.6 
The force acting on a particle is given by F = —2pzi — pyj, where p is a 
constant. 
(a) Show that the force is a conservative field. 


(b) Confirm that U(a,y) = p(a? + $y?) is a potential energy function for F, 
and hence find the work done by the force, in terms of p, when the 
particle moves from (5,0) to (0,5). 


Finally, it is useful to gather together the properties of conservative fields: 


Properties of conservative fields 


Let F be a conservative vector field. 

(a) All line integrals of F between any two fixed points in the domain 
are path-independent. 

(b) The line integrals of F around all closed curves in the domain are 
Zero. 

(c) The curl of F is zero everywhere in the domain. 

(d) All gradient fields are conservative and all conservative vector fields 
can be expressed as the gradient of a scalar field. 

(e) For a fixed origin O (the datum), there exists a unique potential 
field defined by U(r) = — JopF + dr with F = —grad U, where 


OP=r. 


We have taken statement (a) as the definition of a conservative field, but 
statements (b) and (e) are entirely equivalent to statement (a) and may 
alternatively be taken as the definition. Statement (c) is also equivalent to 
each of statements (a), (b) and (e) (whenever the domain of F is simple). 
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End-of-section Exercises 


Exercise 4.7 


Show that any vector field of the form F = f(x)i+ g(y)j, where f is a 
function of x only and g is a function of y only, is a conservative field. Can 
a vector field of the form H = g(y)i+ f(x)j be conservative? 


Exercise 4.8 
Consider the two-dimensional vector field 

B(x, y) = k(—yit aj)/(e* +y") (a? +y? >), 
where k is a constant. 


(a) Show that ¢,B-dr = 27k, where C is a circle of radius a with centre 
at the origin. 


(b) Show that curl B = 0. 


Outcomes 


After studying this unit you should be able to: 
e calculate the divergence of a vector field; 
e calculate the curl of a vector field; 


e use gradient, divergence and curl to model simple laws and problems 
involving slopes along paths in scalar fields, heat flow, fluid flow, and 
local rotation in a vector field. 

e evaluate scalar line integrals of vector fields using given parametriza- 
tions; 

e solve simple problems in one, two and three dimensions involving changes 
of kinetic energy and potential energy and the work done by a force; 

e use the curl test for identifying conservative fields. 


154 


3(a2+y2+22)(4 


Solutions to the exercises 
Section 1 


1.1 The components of F are 


Fir=ay, Fo=0, Fs, =—yz. 
The relevant partial derivatives are 
OF, _ OF, _ OF; 

Ox Gy 


Hence div F = y+ 0+ (—y) = 0, and so 
div F(3, -1,2) =0. 
(The scalar field div F = 0 everywhere.) 


1.2 The position vector in Cartesian coordinates is 
r=zi+yj+ zk, so 


= vi+ yj + zk 
r= ——____., 
/x? + y? + 2? 
i j k 
Fan gue) = ri+ yt z 


(x2 + y? + 22)(n+1)/2° 

The z-component is F, = x(a? + y? + 22)-™+)/? and 

OF, 

ae 

(x? + y? + 22) OFD/2 — 22(n4+1)(a? + y? + 22) "-D/2 
(x2 + y2 + z2)nt1 : 

The component F» and the partial derivative 0F/dy 

are obtained from F, and OF\,/0x by replacing x by y. 

Similarly, F3 and OF3/0z are obtained by replacing x 

by z. When this is done, we obtain div F = 


DP = (Pty? + 27)(n+1)(ar ty? +22) VP 


(x? + y2 + g2\nt1 

(3 _ (n 4 1) (a? ne y? ai gre 
(x2 + y2 4+ 22)n+1 
2-—n 


= (a tye + OHI which is zero everywhere only 


when n= 2. Hence div F = 0 everywhere only when 
n= 2. 


1.3 We have 
eg = —sindi+cos6j 
so that 
0eg e . 
30 7 cos #i— sin6j = —e,. 


1.4 The heat flow vector field J has cylindrical sym- 
metry. Anywhere on the outer surface, J is directed ra- 
dially outwards and has a magnitude of 2 x 10° x 0.02 
=4x104*Wm-?. 

The total surface area of a 1m length of rod is 
Qn x 0.02 x 1 =427 x 10-?m?. Hence the total out- 
ward heat flow rate from a 1m length is given by 
(4 x 10*) x (4m x 1077) = 16007 W. This is also the rate 
of heat generated in the 1m length, since the heat flow 
is steady. Alternatively, 


S x volume = (4 x 10°) x (0.02)? x 1 
= 16007 W. 


Solutions to the exercises 


1.5 (a) The components of H are (in Wm~?) 
H, =H) =0, Hs =5000, 
so that 
OH, OH Oz 
Ox Oy Oz 
Thus div H = 0. 


0. 


(b) The only non-zero component of H is 
Az = 5000e °*, so 

Oy = OH, =0 OHs _ 

Ox Oy Oz 
Hence div H = —5000ae~°. 


—n 


1.6 The only non-zero component of f is f, = p~", so 
Of,/Op = —np-+, From Equation (1.2), we obtain 


—n +(2\(S)-ae 
prt p p” pri’ 


This is zero everywhere only when n= 1. 


divf = 


1.7 The components of F are F, = ry, Fo = yz and 
F3 = zx, so that 

Ox yz 
Thus V-F(=divF) =y+z+4. The divergence at 
(1,2,3) is V- F(1,2,3) =2+3+1=6. 


1.8 (a) In cylindrical polar coordinates, 

p= vV2*+y? and e, = (zi+ yj)//2?+y?. Hence 
J(p,9,z) = Ape,, and the cylindrical polar components 
of J are J, = Ap, Jo = J =0. The only non-zero 
partial derivative is 0J,/0p = A. Hence, using Equa- 
tion (1.2), we have divJ = A+ (3) (Ap) = 2A, which 
is in agreement with the result of Example 1.3. 

(b) In spherical polar coordinates, r = re,. Hence, us- 
ing Equation (1.3), 


divr = ge + a =135 
Or r 
1.9 We have 


divF =0+0+0=0, 

divG = 2” + 2y + 22, 

divH=1+1-2=0. 
So F and H could be magnetic fields, but G could not, 
since the divergence of a magnetic field is always zero. 
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Section 2 


2.1 (a) The components of F = r= xvi+ yj+ zk are 
FL =a, F3 =z, 

so that 
OF, OF, OF OF, OF; OP3 


fo=y, 


Oz Oy Oz Ox Oy Ox ” 
Hence, substituting into Equation (2.1), 
curl F = 0. 
(b) The components of F = f(r)r = (f(r)/r)r are 
x z 
A=fO=, B=lr)2, B= fos. 


The z-component of curl F (using the Chain Rule) is 
OF; OF,  _d (f(r)\ Or d (f(r)\ Or 
Oy pare (Me e(“)2 

d(fr)\y a (#(r)\ 2 
=-7(@): vz (22) 2-0 

Similarly, the y- and z-components of curl F are zero, 

so curl (f(r)r) = 0 for all functions f of r only. 


(c) We have 
F = (y? + 2z)i+ (wy + 6z)j + (2? + 2nz + y)k, 


so the z-, y- and z-components of curl F are 
OF OF» 


og ee 
see ors = 2 22 = 2(1— 2), 
OFo OF, _ ae 
ae ay =Y yY=—Y, 
so curl F = —5i+ 2(1 — z)j — yk. 
(d) Since F = grad f= Fi 4 Si + Gok we have 
OF; OF, O (Of O (Of 
Oy Oz Oy (52) Oz (54) 
_ OF oy — 
=o) onan 


Similarly, the y- and z-components are zero. Hence 
curl(grad f) = 0. 


2.2 Any vector field having zero curl everywhere is a 
conservative field. Fields (a), (b) and (d) of Exercise 2.1 
and field (a)(i) of Example 2.1 are conservative. 


2.3 Both u and v are two-dimensional fields in the 
(a, y)-plane. 


For the field u, wu, = —wy and ug = wa, so 
Ouse Ou 
eee yg ee ey 
Ox > Oy 
0 0 
Hence curlu = ee ee k = 2wk. 
Ox Oy 
wary waa 
For the field v, vy) = —-+——s and ve = ——~, so 
2 +4 y? g2 +4 y? 
Avg (2? + y*)wa? —wara(2r)  wa?(y? — 2?) 
or (x2 ie y?)2 oa (x? 4 y2)2 H 
Ou, _ (a7 +y")(—wa?) +wary(2y) _ wa?(y? — 2?) 
Oy (x? + y?)? ian? spay 


Hence curlv = G _ >) k=0. 


Note that at the boundary, curlu 4 curlv. 


2.4 In cylindrical polar coordinates we have 
x = pcos8, y = psiné. 

Hence 
u(p, 0, z) = —pwsin8i+ pwcos@j =wpep (p <a), 


and, since x? + y” = p’, 


(p >a). 


v(p, 6, z) = Se) 
p 
The vector field lines of u and v are circles. 


2.5 The components of 
F(x, y,z) = x(y — z)it+ 327j + yzk 
are F, = x(y — 2), Fo = 3x? and F3 = yz. 
The partial derivatives required for substitution in 
Equation (2.1) are 


OF3 OF, OF, 
By Oe Ge = 
ORF “age PE 
Ox "Ox Oy 


Hence, using Equation (2.1), 
curl F = zi — zj + 5ak. 
(a) At the origin, curl F = 0. 
(b) At (1,2,3), curl F = 3i—j-+ 5k. 
(c) At (0,0,5), curl F = 5i. 


2.6 (a) We have v=w Xr, where w= wk. Using a 
Cartesian coordinate system with the z-axis lying on 
the axis of the Earth’s rotation and in the direction of 
the angular velocity, we have 

r=zvi+yj+ zk. 

Hence v(2,y, z) = wk x (xi+ yj + zk) = w(aj — yi). 


w = wk, 


(b) Now v1 = —wy, v2 = wx and v3 = 0, so 
curl v = (Flux) - F(-w1) k = 2wk = 2w. 
Hence 
27 
|curlv| = 2w = 2 x 5k x 60 x6 


= 1.454 x 10-* rads. 
(c) Every object fixed on the Earth rotates with angu- 
lar velocity w. The rate of rotation is 


scurlv = 7.272 x 107° rads—!. 


2.7 The field F is confined to the (x, y)-plane, so 


cul F = (2 (4(y)) — Uw) k=0 


Section 3 


3.1 The work done is 
ly iat 
11 2 


The change in kinetic energy is 2A, 
?_ imu? = $Aandv= (4(A/m) + 02)”, 


— gu => 


and so $mv 


3.2 We have dx/dt = —2sint, dy/dt = 2 cost; 
Fi, = 2x+y = 4cost4+2sint, Fh = —x% = —2 cost. 
Hence 


n/2 
/ F-dr= | [((4cost + 2sin t)(—2sin t) 
Cy 0 


+ (—2cost)2 cos t] dt 
n/2 
= | (—4sin(2t) — 4) dt 
0 
= [2cos(2t) — 4#]7/? = —4 — 2n. 


3.3 Put c=t. Then y=1-—??, with t going from 1 
to 0. The components of the vector field F are 
Fi =2? =? and Fy = xy =t(1 — #7). The derivatives 
are dx/dt = 1 and dy/dt = —2t. Hence 


[Peas [e-280-eya=- 


3.4 There are an infinite number of paths between the 
points (0,0,0) and (1,1,1), so we choose two exam- 
ples. The first moves from the origin along the x-axis to 
(1,0, 0), then parallel to the y-axis to (1, 1,0) and finally 
parallel to the z-axis to (1,1,1). We can parametrize 
this as 


als 


ti O<t<l 
i+ =1)j 1<¢22 
itj¢G-—Dk 2<¢<3. 
Another alternative is the straight line joining the two 
points, which can be parametrized much more easily as 


r(f) =ti+tjt+tk (0<t<1). 


r(t) = 


3.5 With x = 2(1—t), y = 2t and z =0, we have 
dx/dt = —2, dy/dt = 2, dz/dt = 0, and 
Fy =2e+y=4-2t, Fy = -—x = —2(1 —t). Hence 


[ew f 2t)(—2) — 2(1 — t)2) dt 
C2 0 


1 
=} (8t — 12) dt = —8, 
0 


which is the same value as that found in Example 3.3. 


3.6 C; is parametrized by x = 2 cost, y = 2sint. Thus 
dx /dt = —2sint, dy/dt = 2cost. 
G, = x? = 4cos*t, Gz = y = 2sint. Hence 


n/2 
G-dr= | [(4 cos? t)(—2 sin t) + 2 sin t(2 cos t)] dt 
on 0 


m/2 
= | (—8 cos? tsint + 2sin(2t)) dt 
0 


17/2 
= [8cos* t — cos(2t)]7/? = —2. 


Solutions to the exercises 


C2 is parametrized by x =t, y= 2-—t. Thus we have 
da /dt = 1, dy/dt = —1. Gy = x = t?, Go =] => 2—t. 
0 
Gude = [ [t? + (2 — t)(—1)] dt = -2. 
Co 2 


The closed curve APBQA is the path C;, plus the re- 
verse of path C2. Hence the line integral of G along the 
closed curve APBQA is —2 — (—3) =0. 


Thus 


3.7 (a) fuea=[- ((acost/a*)(—asin t) 


+(asint/a?)(acost)) dt = 0. 


(b) fovedr=w [ (-asinty(-asing 


+(acost)(acost)) dt = 2wra?. 


3.8 The z-axis is the line y = 0, and so the vector field 
v on the z-axis is v = waj, which has no component 
along the z-axis. So the tangential component of v 
along the line is zero. Thus the scalar line integral along 
the line segment on the x-axis is zero. 


3.9 We have 
r(t) = ti—Incostj, 
so that 


r(t) =i+tantj. 
Thus the required length is given by 


m/4 m/4 
- Vil+tan?tdt = / sec t dt 
0 0 
m/4 


= [In(sect + tant)]o 
= In(V2+1) —In(1) 
= In(/2+1). 


In practice, although Equation (3.9) is a very useful for- 
mula, the actual computations can involve complicated 
integrals. (This is often a task for which the computer 
algebra package can be used.) 


3.10 c=t, y=, z=?8; to 
F, = 2t, Fy =t* -2,F3=0°; 
dz/dt =1, dy/dt = 2t, dz/dt = 3t’; 


1 
[re (5° — 2t) dt = —4. 
Cc 0 


3.11 In these examples, the component of the vector 
field F in the direction tangential to the curve is con- 
stant. 


0, 4; =1; 


(a) The curve C here is a segment of the z-axis, on 
which i- F = 0, and so the line integral is zero. 


(b) Here the curve C is a segment of the z-axis, on 
which k- F = 5, a constant, and so the line integral is 
5 x (6-0) = 30. 


(c) The tangential component of F on the semicircle is 
eg: F(3, 9) = 3? = 9, aconstant, and so the line integral 
is 9 x 3m = 277. 
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Unit 24 Vector calculus 


3.12 Let ce =t and y=1-—t?. Then dz/dt =1 and 

dy/dt = —2t. The components of the vector field F are 
Fi =2? =# and Fy = ay =t(1-??). 

The starting and endpoints of the curve are specified by 

t= 1 and t = 0, respectively. Hence 


0 
[ras (t? — 2¢7(1 — ¢*)) dt = —#. 
Cc 1 
Section 4 


4.1 (a) The line integral was found in the solution 
to Exercise 3.7(b) to have the value 2wma?. The 
area of the circle is 7a?, and so the required limit is 
Qwra*/ra? = Qw. 

(b) From Equation (2.1), 

curl v = (O(wx)/Ox — O(—wy)/Oy)k = 2wk, and 
k-curlv = 2w. 


4.2 We have F = 2ryzi + x?zj + x7yk. Since the line 
integral is path-independent, take the direct path from 
(0, 0,0) to (a,b,c) parametrized by 


r(t)=tai+thjt+tck  (0<t<1), 
so that 
i we eee 
—=a : 
dt es 
Then 
: d 
Fi Dogs 2 r 
/ F-dr= i (2atbtcti + (at)“ctj + (at)“btk) - — dt 


1 
=i (2a7bc + a? be + a”bc)t? dt 
0 


all 
= 4a?be F| 
a 0 


=a7be 
= U(0,0,0) — U(a, b,c). 


Setting the datum for the potential energy function at 
the origin, so that U(0,0,0) = 0, we can deduce that a 
potential function for F is 


U(x,y,2) = —a7 yz. 


4.3 The field v is non-conservative, because its line in- 
tegral around the closed loop C' is non-zero. We cannot 
yet say from the solution to Exercise 3.7 that the field u 
is conservative, since there may be loops on which the 
line integral of u is non-zero. (In fact, u is conserva- 
tive.) 


4.4 (a) curlh = 0, curlu = 2uk, 
curl F = —yj+ zk. Field h is conservative and the 
other two are non-conservative. 


(b) The i-component of curlG is 

k(n — 1)(zr"~2y/r — yr®~2z/r) = 0. Similarly the 
j- and the k-components are zero, and so curlG = 0. 
Alternatively, put f =e, and use the expression for 
curl in spherical polar coordinates given earlier. Since 
G, = kr", Ga = Gg = 0, this gives curl G = 0. 
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4.5 Express U(r) in Cartesian or spherical polar 
coordinates and use F = —gradU, where the coordi- 
nate forms of grad U are given in Unit 23. It is easiest 
to use spherical polar coordinates, since U depends only 
on the distance r = |r|. (It is a spherically symmetric 
scalar field.) Thus we have 


U(r, 0,6) =mgR (.-*), 


and 
OU mgR? 
d UO = ey, = 
= Or : r2 
Thus the gravitational force in spherical polar coordi- 


nates is 


F(r,0,¢) = —grad U = — 


ep. 


mgR? 


e,, 
or in coordinate-free form, 
mgR? 


F(r) = ae 


4.6 (a) The field F is confined to the (a, y)-plane and 


so 
OF, OF, O(—py) _ O(—2pzx) 
1F= | — —- —)]k= k 
_ ( Ox Oy ) ( Ox Oy 


Hence F is conservative. 

(b) gradU = (0U/0x)i + (OU/Oy)j = 2pxi + pyj. 
Hence F = —gradU, and so U is a potential en- 
ergy function for F. The work done by the force 
is the line integral of F for any path from (5,0) 
to (0,5). From Equation (4.2), this line integral 
is simply the difference between potential energies, 
—(U(0,5) — U(5, 0) = 25p — 2p = Bp. 


4.7 Use the curl test. 

curlF = [(0g(y)/Ox — Of(x)/Oy)|k, where 0g/0x = 
Of /0y =0. Hence curl F = 0 and so F is conserva- 
tive. 

curl H = [(Of(«)/0x — 0g(y)/Oy)|k. This can be zero, 
and hence H conservative, only if f(a) = ma +c, and 
g(y) = my + ce, for constants m, c, and cg. Otherwise 
the curl is non-zero and H is non-conservative. 


4.8 (a) The circle can be parametrized by 
x =acost, y=asint. Hence, B, = —(k/a)sint, 
Bz = (k/a)cost, dx/dt = —asint, dy/dt = acost. So 


27 
¢B-ar= | k dt = 27k. 
Cc 0 


Alternatively: the field can be expressed in plane polars 
as 


Bird) =e, (r #0). 


Hence the field is directed tangentially, and the tangen- 
tial component of B on the circle of radius r = a is k/a, 
which is constant. Hence the line integral around the 
circle is (k/a)2ma = 27k. 


(b) It is easiest to use the cylindrical polar form of 
curl given in Subsection 2.3. With Bg = k/p, B, =0, 
we have 


curl B = [—-k/p? + k/p’Je, = 0. 


(So part (a) shows that the vector field B is not a con- 
servative field, since it has a non-zero line integral for 
the circle, but part (b) shows that curl B is zero. This 
failure of the curl test occurs because the domain of 
B is not simple. The origin x? + y? = 0 is excluded. 
Whenever there is a hole in the domain of the vector 
field, there is a possibility that the curl test will fail. 
You may take it that the curl test can be applied to 
all vector fields we ask you to work with in this course, 
other than B here.) 


Solutions to the exercises 
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